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An investigation is performed of the mutually dependent 
heat and mass transfer in laminar and hydrodynamically fully 
developed gas flow in a tube. Sublimation of mass occurs at 
the tube wall so that heat and mass transfer take place be-
tween the wall and the flowing gas stream. The wall of the 
tube is thermally insulated from the external environment 
with the result that the heat of sublimation is supplied 
by convective transport from the gas. 
The solution of this problem requires the simultaneous 
consideration of the energy and diffusion equations,with 
coupling provided by the boundary conditions. Mathematical 
expressions are derived and numerical results are presented 
for various quantities of interest including the bulk tem-
perature and bulk mass fraction, the wall temperature and 
wall mass fraction, the wall heat and mass transfer rates, 
and the local Nusselt number for nine different cases. Rep-
resentative temperature and mass fraction profiles are 
presented. The lengths of the development region are also 
tabulated. Comparisons are made of the present results 
based on a parabolic velocity profile with those based on a 
slug flow velocity profile. A subsidiary analysis using the 
Leveque model is also performed and the results compared 
with those of the principal solution. 
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I. INTRQDUCT ION 
This thesis is concerned with the simultaneous transfer 
of heat and mass 1n internal flows. In this case there is 
a mutual dependence or interaction between the heat and mass 
transfer processes. Heat transfer processes alone in duct 
flows have been covered rather extensively, and a detailed 
account can be found, for example, 1n the book by Kays [1] 
Much attention has also been given to the study of pure 
mass transfer processes in duct flows. References [2] and 
[3] are examples of this problem. Internal flow problems in 
which heat and mass transfer occur simultaneously have only 
recently been investigated in a rather limited extent, refer-
ences [4-7]. The present research is also concerned with 
such a coupled transport process. 
Specific attention is given to the flow of a gas in a 
circular tube whose inner surface is coated with a sublimable 
material and the outer surface of the wall is thermally iso-
lated from the external environment. If the entering gas 
stream is not saturated with the vapor of the sublimable 
material, then sublimation will occur at the inner surface 
of the tube wall. The latent heat, required for transfer 
of mass from the tube wall to the flowing gas in the subli-
mation process, is supplied by means of the flowing gas 
itself. In such a process the rates of heat and mass trans-
fer are mutually dependent. 
Because of the sublimation process, the mass fraction 
of the sublimed vapor will increase with increasing down-
2 
stream distance. Correspondingly, th~ gas temperature will 
decrease. At sufficiently large distances downstream, the 
mass fraction and the temperature approach cross-sectionally 
uniform, fully developed values. 
The velocity field is assumed to be laminar and hydro-
dynamically fully developed at the tube inlet, while the 
temperature and mass fraction are uniform across the inlet 
cross section. The velocity distribution employed in this 
investigation is that of the parabolic or Poiseuille flow. 
The formulation of the problem requires the simultaneous 
consideration of the equations of diffusion and energy. The 
coupling between the two equations is provided by the bound-
ary conditions. At the inner surface of the tube wall, in 
addition to the equality of the heat transfer rate and the 
latent heat requirement, a vapor-solid saturation condition 
is applied. In order to aid in the solution of the problem, 
a linearized saturation state relationship is employed. 
The governing equations and boundary conditions lead to 
an eigenvalue problem wherein the diffusion and energy 
equations are found to share a common set of eigenvalues, 
but have different eigenfunctions. The mathematical system 
of the problem does not fall into the conventional Sturm-
Liouville type and it is, therefore, necessary to derive a 
special integral condition to serve as an orthogonality 
relation. 
Mathematical expressions are derived for various quan-
tities of engineering interest. Numerical results are pre~-
3 
sented for the axial variations of the bulk temperature and 
mass fraction, of the wall temperature and mass fraction, of 
the wall heat and mass fluxes, and of the heat transfer coef-
ficients. Representative temperature and mass fraction 
profiles are also presented. The entrance length of the 
sublimation region is determined from the bulk temperature 
and mass fraction results. An analysis based on the boundary-
layer model is performed and the results compared with those 
of the series solution. Finally, comparisons of the present 
results are made with representative results from the slug 
flow solution. 
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II. ANALYSIS AND SOLUTION 
A. Formulation of the Problem 
Consider a circular tube whose inner surface is coated 
with a sublimable material. The outer surface of the wall 
is insulated so that heat exchange does not take place with 
the external environment. A hydrodynamically fully developed 
gas flow enters the tube with a uniform temperature T0 prior 
to entering the tube section where the sublimation process 
is to occur. The entering gas flow may contain vapor of 
the sublimable material in the amount C . 
0 
The magnitude 
of C is taken to be less than the saturation value corres-
o 
ponding to the temperature T and the total pressure. 
0 
The equations employed in the analysis of the problem 
are the conservation equations for energy and diffusion. 
These equations may be simplified by making the following 
assumptions: (1) The velocity in the radial direction is 
small in comparison with the velocity in the axial direction. 
It has been demonstrated [4] that the ratio of the average 
radial velocity to the average axial velocity is approxi-
mately.OOOOS in many problems with sublimation at the wall. 
(2) Because of the assumption (1) the axial velocity u is 
regarded as constant, thus any change in the velocity pro-
file is neglected. (3) The variation in the mass flow rate 
between the entrance section and the fully developed region 
is negligible. It has been demonstrated [s] that the change 
in the axial flow rate is usually on the order of 1 percent 
for flow systems such as air-ice and air naphthalene. 
5 
(4) The variation of the fluid properties 1s small, because 
the mass fraction of the sublimed vapor is sufficiently small. 
(5) Changes in tube radius due to the sublimation process 
occur slow enough so that the transfer process may be con-
sidered steady in nature. 
Taking assumptions (1) to (5) into account, the appli-
cable conservation equations for energy and diffusion can be 
written as 
ac 1 a ac 
u-- = D- --(r--). ax r 3r 3r (1) 
In these equations, T represents the fluid temperature and 
C the mass fraction of the vapor. The axial distance from 
the entrance section is measured by the coordinate x, while 
the radial distance is measured by r from the centerline of 
the tube. The radius of the tube is R. 
Equations (1) can be written in dimensionless form by 
defining the following dimensionless variables 
r 
n = R, 
E.: = x/R , 
UR/a 
(2) 
where Tf and Cf represent, respectively, the cross-sectionally 
uniform fully developed values of the fluid temperature and 
the vapor mass fraction. The denominator of the E.: variable 
1s the Peclet number; U is the average flow velocity and a 
1s the thermal diffusivity. 




where L ~ a/D is the Lewis number and D is the binary dif-
fusion coefficient. 
The boundary conditions applicable to the problem will 
now be examined. Since the tube wall is insulated from the 
external environment, the heat required in the sublimation 
process must be supplied to the wall by the flowing gas. 
Heat is absorbed in the process of sublimation and an energy 
balance at the wall between the heat flux and the latent 
heat requirement gives q = ~ i where ~ is the latent heat w s s 
of sublimation and m is the local sublimation rate per unit 
area. The mass flux rn at the wall will, in general, in-
elude both convective and diffusive components [8]. The 
convective contribution is neglected because of the small 
sublimation rates being considered. Then, from Fourier's 
law, one notes that qw = -k (3T/3r)r=R and from Fick's law, 
that m = pD (3C/3r)r=R· 
(r = R) then becomes 
-k 3T ~ ~ pD ~rc' 3r s a 
or in dimensionless form 
c 
= L L ~ 
s 
The energy balance at the wall 
at r = R 
38 
3n at n = 1 
(4) 
(5) 
It can be shown that the quantity in brackets is equal 
to unity for the problem under consideration. To this end, 
one takes a control volume that spans the tube cross-section 
and extends from the entrance section x = 0 to a location 
in the fully developed region, x = x*. Since, for small 
7 
sublimation rates~ the changes in the rate of mass flow can 
be neglected and since the temperature and mass fraction are 
uniform at x = 0 and x = x* 
' 
integration of the energy and 
diffusion equations over the control volume results in 
(6) 
where M = pnR 2 U is the mass rate of flow. The right-hand 
sides of these equations are related through equation (4) ~ 
so that 
(7) 
By employing equation (7) ~ the boundary condition, equation 
(S),becomes 
li = 138 
3n 3n at n = 1 
(8) 
A second boundary condition arises from the saturation 
state that exists for the solid-vapor system at the tube 
wall. This requires a relationship between the mass fraction 
and the temperature, that is C = f(T ) where the function f 
w w 
is presumed known for a particular problem. In order to 
facilitate the solution of the problem, this general function 
is assumed in the form 
C ;:::: aT + b. (9) 
The evaluation of the constants a and b from known thermo-
dynamic data is given in reference [4]. Various numerical 
8 
tests of equation (9) are also made in reference [ 4] and the 
results of these tests show that the equation is a satis-
factory representation for the saturation state relation. 
Upon applying equation (9) at the wall and at the fully de-
veloped region, one can write 
C = aT + b, 
w w Cf = aTf + b 
Thus 
( 1 0) 
When use is made of equation (7) and the dimensionless vari-
ables are introduced, there results 
at n = 1. (11) 
The remaining boundary conditions specify the symmetry 
conditions at the centerline of the tube and the entrance 
conditions. These are 
at n = 0 ll2) 
for symmetry at the centerline, and 
e = ¢ = 1 at t;, = 0 (13) 
for profile uniformity at x = 0. 
In carrying out the solution of the described problem, 
the parabolic velocity profile will be used. The form this 
takes is u/U = 2(1 - n 2 ) so that the conservation equations 
for energy and diffusion may be written as 
2(1 ~ 2)()8 
n Bt,: = 1 a C ae) 2 ( 1 _ n2)~~ n an n8n ' as (14) 
9 
The problem that must now be solved consists of the 
conservation equations (l4) subject to the boundary condi-
tions ,equations (8), (11), (12), and (13). 
B. Solution 
Elemental solutions of equations (14) can be obtained 
by the method of separation of variables. By assuming a 
product solution for each of the equations (14), there 
results four ordinary differential equations. The first of 
these for each of equations (14) can be written in solution 
form as 
( 15) 
where 8 and ¢ obey the second equation in each case, which 
lS 
(16) 
From the results that the solution takes, it 1s seen that 8 
andy are eigenvalues. 
By taking the derivative of equation (8) with respect 
to ~' integrating with respect to nand evaluating, and then 
taking the derivative with respect to n, it can be shown 
that 
B == Y, (17) 
Therefore, the eigenvalues of the energy and diffusion equa-
tion are the same, but the eigenfunctions are different. 
Further application of the boundary conditions yields 
the expressions 
or 
B a>..s 8ll) 




B = 8 1 (1) 
A L ~ 1 (1) (18) 
(_s) 8 ( 1) 1 e 
1 (1) = 0 cp ~ ll) + ~ 1 ( 1) ( 19) 
The eigenvalues S are determined from equations (16) and 
(19). The value that B takes, depends upon the values of 
the Lewis number L and the property grouping a>..s/cp. For 
fixed values of L and a>..s/cp' a succession of roots S are 
found numerically. 
The method used to determine each eigenvalue is a trial 
and error process. For each trial value of S, equations 
(16)were integrated numerically to obtain the values 8ll), 
8 1 (1), ~ (1), and ~ 1 (1). The left-hand side of equation (19) 
wasthen evaluated and compared with zero. The trial value 
of S ~ accepted as an eigenvalue if it satisfied equation 
(19) within a prescribed tolerance of 10- 6 • The numerical 
integrationwas performed by the Runge-Kutta method, with a 
step size of .6n = 0. 01 which -was found to be sufficient to 
give accurate results. The change in the value of B 
using .6n = 0.05 and .6n = 0.01 was approximately .00001. The 
change in value of S using .6n = 0.01 and .6n = 0.005 
was negligable and thus .6n = 0.01 was used as the step size. 
The number of eigenvalues determined for each case (different 
L and or a>.. /c ) is dependent on subsequent series summations. s p . 
The details of the eigenvalue problem and its numerical 
11 
scheme are described in Appendix C. 
Because of the linear nature of the problem, the solu-
tionsfor e and¢, corresponding to fixed values of L and 
aAs/cp may be obtained by summing over all eigenvalues. 
That is, any linear combination will satisfy the original 
equatioffi and boundary conditions. 
e(t;,n) = 









The coefficients A and B are still to be determined. 
n n 
By employing the entrance conditions, equations (13), equa-


















To find the above series coefficients An and Bn' it is nec-
essary to have an orthogonality condition involving the 
eigenfunctions e and ¢ . 
n n 
The conventional Sturm-Liouville orthogonality relation 
will not apply here because of the nature of the problem. 
Consequently, it is necessary to derive an integral condi-
tion which can serve as an orthogonality relation. 
Let e. and e. be eigenfunctions of the first of the 
l J 
differential equations (16) corresponding to two distinct 
eigenvalues S- and s .. If the e. equation is multiplied by 
l J l 
e. and the e. equation multiplied by -e
1
. and the two equa-
J J 






- 0i (1) 0j (I) ( 2 2) 
where equation (12) has been used in the evaluation. By a 







l J (23) 
Next by employing the relation between An and Bn from 
equation (18), equation (23) can be written as 
-B.B. c 1 I 1AJ(~)(!3~- B~)fr 2n(l- n 2 J¢.¢.dn = [0.(1)0.(1) A. . aA 1 J 0 1 J 1 J l J s 
I 
- 0.(1)0.(1)] 
l J (24) 
Now, it is observed that the right-hand sides of equations 
(22) and (24) are identical. This results in 
c 
· c+J¢.¢.]dn] = o 
a s 1 J 
( 2 5) 
Since !3i and !3j are different eigenvalues, !3~ - s; ~ 0 and 
this leads to 
c f 1 [A.A.0.0. + ~ B.B.¢.¢.]2n(1 - n 2 )dn = o Jo 1 J 1 J a~~. s 1 J 1 J 
which serves as an orthogonality relation. 
(26) 
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Having derived the orthogonality condition, one can 
now proceed to find the series coefficients An and Bn. To 
this end, the first of equations (21) is multiplied by 
2n(l - n 2)A 8 and the second of equations (21) is multi-m m 
plied by (c I a\ )2n(l - n 2)B ~ . The two equations are then p s m m 
added and integrated over the range from n = 0 to n = 1, 
resulting in 
c 
[ A A 8 8 + _:_p_ B B ~ ~ ] m n m n a\ m n m n 
s 
By employing the orthogonality relation, equation (26), and 
noting that every term is zero except the one with m = n, 
the infinite series reduces to just one term, thus 
A 2 f 1 2n C 1 c - n 2)8 2dn + B2 als fo 12n (1 - n 2 )~ 2 dn 
n 0 n n n 
=A .fc 1 2n(l c - n 2)8 dn +B +J 1 2nll - n 2 )~ dn. (~8) 
n 0 n n a s 0 n 
Next, B may be eliminated by use of the first of equa-
n 
tions (18). The expression for An then becomes 
fol2n(l 
8 ( 1) fo 12n C 1 n 2)8 dn n n 2 )~ dn - - ~ (1) -n n 
A n = n 
a\s [en (1) J 2 fo 12n (1 n 2) [e~ + ~2 l dn - (-c-) ~ (1) n p n 
The integrals in the numerator may be evaluated directly 
with the aid of equations (16). This results in 
(29) 
I 
-8 ( 1) 
n 
~ (1 + a>._ ) 
s 
[ 
a\ [8 (1)] 2 l 8 2 + (---s) n ~2 dn 
n c ~ (1) n p n 
The integration appearing in the denominator of equation 
(30) was performed using Simpson's method with step size 




values of 8 and ~ and their derivatives at n = 1 having 
n n 
been obtained from the solution of equations (16). 





With A and B determined, the final forms of the temper-
n n 
ature and mass fraction solutions are expressible as 
T - Tf 00 A e-B~t,:8 (n) = L: T - Tf n=l n n 0 ( 3 2) 
and 
c - cf 00 e-B~f,;~ = L: B n(n) c - c n 
0 f n=l 
(33) 
The numerical evaluation of equations (32) and (33) provides 
the temperature and mass fraction at any point in the tube. 
C. Applications of Solutions 
The variations of the wall temperature and mass frac-
tion along the tube length can be found from equations (32) 
and (33) by setting n = 1. There results 
15 
T - Tf = A e-B~t;:e (1) w L: = T - Tf n n 0 n=1 ( 3 4) 
and 
c - cf = 
e-Bftt;:q, w L: B (1) = c - cf n n 0 n=1 
( 3 5) 





By employing equation (32), together with the parabolic 




L: ne-B~t;:8 1 (1) 
B2 n n=1 n 
( 3 7) 
In a similar manner, one employs the conventional definition 
of bulk mass fraction 
foR 2rrruCdr 
cb = foR 2rrrudr (38) 
to obtain, with the aid of equation l33), 
= -2 (39) 
By employing the second of equations (18) 1n equations (39), 
it is readily seen that the right-hand sides of equations 
(37) and (39) are identical. Thus, 
16 
= 
c 4 0) 
Other quantities that can be derived are the local rates 
of heat and mass flux at the wall. The local rate of heat 
transfer at the wall is found by employing Fourier's law 
qw = -k(8T/8r)r=R and the temperature solution, equation 




- - L: 
n=l 
(41) 
The local rate of mass transfer is found by employing Fick's 
law m = pD(8C/8~r=R and the vapor mass fraction solution, 
equation (33). This combination yields 
( 4 2) 
With the use of the second of equations (18) in equation 
(42), a comparison of the right-hand sides of equation (41) 
and (42) shows that 
ni.R (43) 
A local Nusselt number NuR based on the tube radius R 
can now be expressed in terms of the quantities that have 







or, 1n series form, 
00 
A e-sA~e I l1) L: 
n=l n n NuR = (44a) 
00 A e- 6~~8~(1) 00 e-S~~e 22.: n + L: (1) 
n=l s2 n=1 n n 
At large values of ~(or x), the Nusselt number approaches 
a fully developed value given by 
( 4 5) 
which is derived by taking only the leading term ln = 1) in 
each of the constituent series in equation (44a). 
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III. NUMERICAL RESULTS AND DISCUSSION 
The eigenvalues. determined in the analysis depend upon 
the values of the Lewis number L and the property grouping 
aA. /c . 
s p Therefore, all of the derived results of engineering 
interest depend upon these values. The Lewis number L is 
assigned the values of 0.81, 2.0, and 3.5. This choice is 
made by noting the range of L values of gases and vapors in 
dilute binary solution with air [9]. The property grouping 
aA. /c is assigned the values of 0.1, 1.0 and 10. The 
s p 
choice for these values is suggested by actual evaluation of 
the property grouping for water vapor-air and naphthalene-
air mixtures at various temperature and pressure levels [4]. 
The values of the Lewis number and property grouping are 
considered in combination with one another in the analysis, 
resulting in a total of nine cases that are investigated. 
The eigenvalues determined in each case are listed in 
table A-1 of Appendix A. Between 40 to 50 eigenvalues were 
determined for each case depending on the requirements of 
the series summation. These requirements were the number of 
terms necessary to satisfy the summation within a prescribed 
tolerance of 10- 6 • Once these eigenvalues are obtained, the 
coefficients A and B may be evaluated from equations (30) 
n n 
and (31) . Consequently, all of the results of engineering 
interest presented in the analysis section can now be cal-
culated. 
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A. Bulk Temperature and Mass Fraction 
Numerical results of the axial variations of the bulk 
temperature and bulk mass fraction from the solution of 
equations (37) and (39) are presented in Table D~2 of Appen-
dix D. These results are also shown graphically in Figure 1. 
The abscissa variaBle represents the dimensionless distance 
from the entrance. The grouping in the denominator UR/D 
represents the Peclet number for diffusion. The use of this 
quantity gives a more compact presentation of the figure than 
does the l; variable, (x/R) I (UR/a). The ordinate represents 
the axial distributions of the bulk temperature and bulk 
mass fraction which are identical when expressed in dimen-
sionless form, equation (40). The curves are plotted as 
solid, dot-dashed and dashed lines corresponding to Lewis 
numbers of 0.81, 2.0 and 3.5, respectively. For each Lewis 
number, there are curves for aA /c = 0.1, 1.0 and 10. 
s p For 
clarity of presentation, the results for L = 0.81 and 3.5 
are referred to the lower abscissa, while those for L = 2.0 
are referred to the upper abscissa. 
From the figure, it is evident that all curves decrease 
with increasing distance from the entrance. Since T0 > Tf, 
the bulk temperature Tb decreases with increasing distance. 
But, since C < Cf~ the bulk mass fraction increases with 
0 
increasing distance. These results are consistent with the 
physical problem. The curves decrease rapidly at small 
values of x with smaller rates of decrease in evidence at 
larger x. Since the changes in Tb and C0 are greatest with 
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a change in x at the sections nearest the tube inlet, it 
follows that the rates of heat and mass transfer are greatest 
in the immediate region of the inlet. 
Also noted from the figure is that the dimensionless 
bulk temperature and mass fraction distributions are not as 
sensitive to change of a~ /c for small Lewis numbers as 
s p 
they are for large Lewis numbers. Moreover, the curves with 
aA /c are arranged in ascending order for L < 1 and in 
s p 
descending order for L > 1. It is seen that a larger L 
favors a more rapid approach to the fully developed state. 
Since L is directly proportional to the thermal diffusivity, 
increasing L can be associated with increasing thermal 
conductivity. Therefore, from a physical point of view, it 
is reasonable that a higher conductivity leads to a higher 
heat transfer rate and a more rapid culmination of the heat 
transfer process. 
The rate of sublimation from the wall for any axial 
length of tube may be found from the bulk mass fraction 
results. By integrating the second of equations (14) across 
the tube section and along the length of the tube from 
x ; 0 to any axial position x, the sublimation rate can be 
found to be M(Cb ~ C
0
J where M is the axial rate of mass 
flow and Cb is the bulk mass fraction at location x. There-
fore, the sublimation rate in a length of tube between any 
two sections x~ and x 2 is M(Cb 2 - C.Eu), where Cb 2 and Ch 1 are, 
respectively, the values of the hulk mass fraction at x~ 
and x 1 • 
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B. Entrance LengtQS 
The bulk temperature and bulk mass fraction results 
may be used to determine the entrance length. The en-
trance length is usually defined in terms of the approach 
of some physically important quantity to within a certain 
percentage of its fully developed value. In this study, 
the entrance length is defined as the distance from the 
inlet which satisfies 
= 0.05 (46) 
Its value is obtained from equation (37) or equation (39). 
The results are obtained by taking the leading term, n = 1, 
and are unchanged when two or more terms are used in the 
series. These results are listed in column 3 of Table 1 
in terms of the quantity (x/R)/(UR/D), where for purpose of 
comparison, the entrance lengths for the case of a slug 
flow profile [7] are listed in column 4 of the table. 
From the table, it is seen that the dimensionless en-
trance length (x/R)/(UR/D) ranges in values from about 0.28 
to 0.93, with the lower Lewis numbers corresponding to the 
higher values for fixed aX /c . 
s p The entrance lengths do not 
vary greatly with aXs/cp,but show an increase with increasing 
aX /c when L < 1. 
'S p For L > 1, this trend is reversed. 
When L = 3.5, the entrance lengths vary considerably with 
Also, 
the entrance lengths are relatively insensitive to L at 




ENTRANCE LENGTHS, (x/R) / (UR/D) 
a:\ 
L s Parabolic flow Slug flow 
cp 
0.81 0 .1 0.781 0.464 
0.81 1.0 0.855 0.508 
0.81 10.0 0.928 0.551 
2.0 0.1 0.732 0.435 
2. 0 1. 0 0.580 0.346 
2. 0 10.0 0.420 0.250 
3.5 0.1 0.718 0.428 
3.5 1. 0 0.507 0.306 
3.5 10.0 0.275 0.163 
24 
higher values of a~ jc . 
. s p 
The entrance lengths for slug flow are about 60 perc0nt 
of those for parabolic flow· for all values of L and a~ 1 . c s p 
that were investigated. That these values should be less 
than the parabolic flow results, meaning that the slug flow 
reaches fully developed conditions sooner, can be expected 
from physical reasoning. 
C. Wall Temperature and Mass Fraction 
The variations of the wall temperature and wall mass 
fraction along the tube are found from equations (34) and 






there is no need to make a separate presentation of the wall 
mass fraction results. The wall temperature results are 
listed in Table D-3 of Appendix D. 
presented graphically in Figure 2. 
These results are also 
The abscissa variable 
and the presentation of the curves are the same as those 
described for Figure 1. 
Inspection of the figure reveals two different trends 
in evidence. When L < 1 the wall temperature T is always 
w 
less than the fully developed temperature Tf, having its 
minimum value at x ?. 0 and increasing with increasing axial 
distance. However, when L > 1 an opposite trend exists, 
that is, Tw is always greater than Tf, having its maximum 
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more closely the larger the value of L and 
the smaller the value of a~ /c . 
s p From a comparison of 
Figures 1 and 2 and the values listed in the tables of 
Appendix D, it is also evident that Tw < T0 at any axial 
location. 
Very near the entrance of the tube, the temperature 
and mass fraction are uniform over most of the cross section. 
Deviation occurs only in the thin layers near the tube wall. 
Therefore, it is of interest to compare the wall temperature 
results for small values of axial distance from the series 
solution to those of the Leveque-type (boundary layer) 
solution (see Appendix B) . Since the wall temperature 
results from the Leveque~type solution are independent of 
the axial distance, a close approximation of the series 
solution with these results will lend a strong support to 
the validity of the present analysis. 
For purposes of comparison, Table 2 has been prepared. 
In column 3 are listed t~e results from the series solution 
for the case of (x/R)/(UR/a) = 0.002. Column 4 shows the 
corresponding results from the Leveque type solution, which 
are identical to those listed in reference [s]. 
Inspection of the table reveals a good agreement between 
the two sets of results for all nine cases. The results 
from the series solution are only about four percent lower 
than those of the Leveque-,-type s-olution. This is to be 
expected because in the immediate region of the tube inlet 
27 
TABLE 2 
COMPARISON OF WALL TEMPERATURE RESULTS 
FROM SERIES AND LEVEQUE-TYPE SOLUTIONS 
(Parabolic Profile) 
(T - Tf)/(To - T f) w 
a A Leveque-type L 5 Series* 
cp Solution [Ref. 5] 
0.81 0.1 -0.12926 -0.1353 
0.81 1. 0 -0.06714 -0.07013 
0.81 10.0 -0.01157 -0.01206 
2. 0 0.1 0.3377 0.3481 
2. 0 1. 0 0.2191 0.2270 
2. 0 10.0 0.04854 0.05069 
3.5 0.1 0.5308 0.5427 
3.5 1.0 0.3832 0.3949 
3.5 10.0 0.1016 0.1061 
* ~ = (x/R)/(UR/a) = 0.002 
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the boundary layer thickness is very thin compared to the 
radius of the tube and the effect of the curvature can be 
neglected. Even though the Leveque.,..type solution is re-
stricted to the immediate region of the tube inlet, the 
close agreement between the two sets of results shows the 
validity of the series solution. 
U Wall Heat and Mass Fluxes 
The dimensionless local heat and mass fluxes at the wall 
can be found, respectively, from equations (41) and (42). 
However, because of the equivalence established by equation 
(43), only one of the equations need be used. The numerical 
results from the solution of equation (41) are listed 1n 
Table D-4 of Appendix D. A graphical presentation is made 
in Figure 3. 
From the figure, it is evident that the dimensionless 
local heat flux and local wall mass flux decrease very 
rapidly with increasing downstream distance, approaching zero 
asymptotically. The dimensionless heat transfer and mass 
transfer parametersare seen to have relatively weak depen-
dence on a~ /c since the curves for a fixed L value lie 
s p 
very close together. However, this does not necessarily 
mean that the wall heat flux or the wall mass flux has a 
weak dependence on a~s/cp because the (T 0 - Tf) and (Cf - C0 ) 
quantities in the dimens-ionless ordinate are related to 
a A. I c through equations (9) and ( 7) . 
s p 
The ordering of the curves is such that, the higher the 
value of the Lewis numbe~ L, the lower the curves appear. 
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Figure 3. Wall Heat and Mass Flux Distributions 
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However_, the fact that th_e higher values of L are associated 
with lower values of the dimensionless transfer parameters 
does not necessarily mean that there is a similar ordering 
for qw and m. 
E. The Nusselt Numbers 
The local Nusselt number as defined in equation (44) or 
(44a) , provides a direct measure of the local heat transfer 
coefficient. The numerical results are listed in Table D-5 
of Appendix D, and a graphical presentation is made in Fig-
ure 4. 
It is seen from the figure that very high Nusselt 
numbers are attained in the immediate neighborhood of the 
entrance section and from there on, the local Nusselt num-
hers vary only slightly with increasing downstream distance. 
This trend is in contrast to that of Figures 1, 2 and 3, 
where T , T and q show appreciable changes with increasing 0 W \v 
axial distance in the region where the Nusselt numbers 
remain relatively constant. Also, away from the tube inlet, 
the value of the Nusselt number is not appreciably affected 
by the changes in L or aA /c . 
s p 
The axial variations of the Nusselt number are seen to 
be somewhat unusual. The pattern of the variation normally 
encountered in duct flow problems w~th conventional thermal 
boundary conditions such as uniform wall heat flux or uni-
form wall temperature is for the Nusselt number to decrease 
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limits from above. In the present problem, when L > 1, the 
Nusselt number attains a minimum value somewhere near the 
tube inlet and then approaches the fully developed limit 
from below-. 
It is of interest to compare the fully developed Nusselt 
numbers obtained in the present proElem with those for the 
limiting cases of uniform wall temperature and uniform wall 
heat flux. The values for these limiting cases are 1.829 
and 2.182, respectively (see Appendix C). For the present 
problem, the fully developed Nusselt numbers are listed in 
Table 3, together with the results based on a slug flow pro-
file [7]. From the table it 1s seen that the fully developed 
Nusselt numbers for the case of L = 0.81 are lower than those 
for either the uniform wall temperature or the uniform wall 
heat flux case. For L > 1, the fully developed Nusselt 
numbers are bracketed between those for the case of uniform 
wall temperature and uniform wall heat flux (i.e., between 
1.829 and 2.182). The local Nusselt number distributions 
for L > 1 have minimum points, suggesting that in some parts 
of the entrance region, these Nusselt numbers may be lower 
than that for the uniform wall temperature case. Therefore, 
the values of the local Nusselt number at some location near 
the entrance may not necessarily be bracketed between those 
of uniform wall temperature and uniform wall heat flux as 
are their fully developed values. 
A comparison of the fully developed Nusselt number re-
sults for the present problem with those for the slug flow 
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TABLE 3 
FULLY DEVELOPED NUSSELT NUMBERS, NuR = hR/k 
a.\ 
L s Parabolic flow Slug flow [Ref. 7] 
cp 
0.81 0.1 1.742 2.616 
0.81 1.0 1.787 2.762 
0.81 10. 0 1.822 2.871 
2. 0 0.1 2.009 3.465 
2 . 0 1.0 1.963 3.336 
2 . 0 10.0 1.870 3.059 
3.5 0.1 2.084 3.699 
3.5 1 . 0 2.046 3.601 
3.5 10.0 1.942 3.369 
34 
profile cas.e shows th_at th.e parabolic flow gives rise to 
fully developed Nusselt numbers which range from about 56 
to 67 percent of those for the slug flow, the deviation de-
creasing with increasing Lewis number. That the fully 
developed Nusselt numbers for the parabolic flow- should be 
less than those for the slug flow are reasonable from phys-
ical considerations. The smaller h value associated with 
the parabolic flow results in a smaller value of the Nusselt 
number. 
F. Temperature and Mass Fraction Profiles 
Numerical results of the temperature and mass fraction 
distributions are given in Table D-6 and Table D-7, respec-
tively, in Appendix D. Graphs showing the representative 
temperature and mass fraction profiles are given in Figures 
5, 6, 7 and 8. Consideration is first given to the tempera-
ture distributions, Figures 5 and 6. In these figures a 
sequence of temperature profiles at various axial distances 
is plotted as a function of r. Results for aA /c = 0.1 
s p 
and 10 are denoted, respectively, by dashed and solid lines. 
Figure 5 is for L = 0.81 and Figure 6 is for L = 3.5. 
Inspection of the figures shows that the temperature 
gradients near the inlet of the tube are confined to regions 
next to the wall. This means that the temperature field is 
of the boundary layer type. The temperature is uniform over 
most of the cross section and drops off only in the neigh-
borhood of the wall. With increasing downstream distance, 
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the bulk of the fluid, causing the temperature of the fluid 
to decrease. As the fluid temperature decreases with axial 
distance, the temperature profiles become flatter and ul-
timately approach the fully developed uniform value T = Tf 
across the entire tube cross-section. 
For the case in which L = 0.81, Figure 5, the dimension-
less temperature profiles depend only slightly on the value 
of a\ /c . However, in the case in which L = 3.5, Figure 6, s p 
the profiles are quite different for different values of 
a\s/cp' with lower values of a\s/cp resulting in flatter 
profiles. 
Comparisons between the mass fraction and temperature 
profiles are made in Figures 7 and 8, which correspond to 
Lewis numbers of 0.81 and 3.5, respectively. All of the 
curves in these figures are for the case of a\ /c = 0.1. 
s p 
When L = 0.81, the corresponding profiles of mass fraction 
and temperature are very similar to one another. This 
should be the case, for when L = 1.0, the heat and mass 
transfer processes are fully analogous. Although the mass 
fraction profile shows the same trend as the temperature 
profile, it should be noted that with increasing axial dis-
tance the mass fraction increases, approaching the fully 
developed value C = Cf across the entire tube cross-section. 
When L = 3.5, there is a marked difference between the 
temperature and mass fraction profiles, with the temperature 
profiles being much flatter, indicating a marked departure 
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Figure 8. Comparison Between Temperature and Mass Fraction Profiles, L=3.5. 
lN 
f.!) 
G. ComEarison Between Results for Parabolic and Slug-
flow Profiles 
40 
Comparisons between the entrance lengths and fully 
developed Nussel t numbers- for the parabolic velocity profile 
and those for the slug flow profile have already been made 
in Tables 1 and 3. In the tables, it was shown that the 
entrance lengths are always greater and the Nusselt numbers 
always less in the parabolic flow as compared with the slug 
flow. Further comparisons between these two cases will be 
made. For this purpose, Figures 9, 10, 11 and 12 have been 
prepared to show, respectively, the axial variations of the 
bulk temperature and the bulk mass fraction, of the wall 
temperature, of the wall heat and mass fluxes, and of the 
Nusselt number. Curves are given for the extreme cases of 
L = 0.81 and 3.5, with aA /c = 0.1 and 10.0. 
s p The solid 
lines represent the results of the parabolic flow and the 
dashed lines those of the slug flow. 
are taken from the work of Huang [7] . 
The slug-flow results 
Figure 9 shows the comparison of the bulk temperature 
and bulk mass fraction results with those for the slug flow 
case. The values for the slug flow are always lower than 
those of the parabolic flow case, indicating a slower de-
crease in the bulk temperature and a slower increase in the 
bulk mass fraction for the parabolic flow. The trend of the 
variations, however, is quite similar. 
A comparison of the wall temperature results are shown 
in Figure 10. With increasing axial distance, the wall 
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temperatures for the slug flow decrease faster than do those 
for the parabolic flow when L > 1. For L < 1, the wall 
temperature ~ncreases more rapidly with increasing axial 
distance for the slug flow than for the parabolic flow. It 
is seen from the figure that there exists a similar trend of 
variations between the results for these two cases. 
Figure 11 shows the comparison of the wall heat and 
mass fluxes with those of the slug flow. Near the tube in-
let both the wall heat and mass fluxes are lower for the 
parabolic flow than for the slug flow. As the axial 
distance increases, the fluxes for the slug flow become 
smaller than for the parabolic flow. This indicates that 
higher rates of wall heat and mass transfer occur in the 
immediate neighborhood of the tube inlet for the case of 
slug flow and in the region away from the inlet for the 
case of parabolic flow. 
A comparison of the local Nusselt number results is 
made in Figure 12. The local Nusselt numbers for the case 
of parabolic flow are seen to be lower than those for the 
case of slug flow. For L = 0.81, both cases show a steady 
decrease in the local Nusselt number which approaches the 
fully developed value from above. For L = 3.5, the Nusselt 
number curves for both cases exhibit minima in the tube in-
let region, with a more pronounced dip in the curves for the 
slug flow case. Although the bulk temperature results are 
locally greater for the parabolic flow than for slug flow, 
their effect is such that the Nusselt numbers for the slug 
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flow are high_er. Thus, even tho~gh qw in a region away 
from the tube inlet is locally, greater for the parabolic 
case, the effect of the temperature difference (Tb - Tw) 
is the more pronounced in establishing the ordering of the 
results. 
47 
IV. CONCLUDING REMARKS 
The combined heat and sublimation mass transfer in 
laminar tube flow was investigated. From the problem in-
vestigated, the following conclusions are drawn: 
(1) The eigenvalues depend on two parameters, the 
Lewis number L and the property grouping aAs/cp. The eigen-
values themselved are the same for the conservation equations 
but the corresponding eigenfunctions are different. 
(2) Because of the nature of the differential equation 
and the boundary conditions, only a numerical solution is 
possible. 
(3) With increasing axial distance, the bulk tempera-
ture decreases and the bulk mass fraction increases. 
(4) The entrance length defined in terms of the 
approach of the bulk temperature or bulk mass fraction to 
within a preassigned precentage of its fully developed value, 
is greater for the parabolic flow than for the slug flow. 
(5) The wall temperature decreases with increasing 
axial distance when L > 1 and increases with increasing 
axial distance when L < 1. 
(6) The wall heat and mass fluxes decrease with 
increasing axial distance. 
(7) The Nusselt number attains a minimum value some-
where near the tube inlet and then approaches the fully de-
veloped value from below when L > 1. When L < 1, the ap-
proach to the fully developed value is monotonic and from 
above as in the case of pure heat transfer. 
48 
l8) The temperature and mass fraction profiles are of 
the boundary layer type near the inlet. As the axial dis-
tance increases, the profiles become flatter, finally ap-
proaching a fully developed uniform value across the entire 
tube cross-section. For higher Lewis numbers, the temper-
ature and mass fraction profiles depart more from each 
other. 
(9) The heat and mass transfer processes are nearly 
analagous when the Lewis number is close to one. As the 
Lewis number deviates more from one, the difference between 
the two processes becomes more pronounced. 
(10) The comparisons between the parabolic and slug 
flow results indicate that, although the trends of the 
variations are the same, there are quantitative differences 
between the two sets of results. Thus, the slug-flow 




The following recommendations are made for further 
study in connection with coupled transport of heat and mass 
laminar tube flows: 
(1) Instead of a linearized saturation state used in 
the present investigation, other saturation state relation-
ships for the solid-vapor system may be employed. 
(2) The analysis may be extended to cases in which the 
velocity profile is changing in the axial direction. 
(3) The fully developed flow in an annular duct with 
sublimation from the inner surface may be investigated. 
(4) Some experimental work may be done to verify the 





























constants, eq. (9) 
mass fraction of vapor 
specific heat at constant pressure 
binary diffusion coefficient 
heat transfer coefficient, qw/(Tb - Tw) 
thermal conductivity 
Lewis number, a/D 
axial flow rate 
local sublimation rate/area 
Nusselt number, hR/k 
Peclet number, UR/a 
Prandtl number, v/a 
local heat flux/time-area 
radial coordinate 





thermal diffusivity, k/pcp 
eigenvalues 
dimensionless coordinate, r/R 
function of n 
dimensionless temperature, (T - Tf)/T 0 - Tf) 
50 
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latent heat of sublimation 
dimensionless coordinate, (x/R)/(UR/a) = (x/R)/Pe 
density 
function of n 
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DISCUSSION OF NUMERICAL 
PROCEDURES AND COMPUTER PROGRAM 
54 
The primary numerical computation involves the eigen-
value problem consisting of equations (16) and (19) in the 
Solution section. The Lewis number L and the property 
grouping aA 5 /cp are fixed for the particular case investi-
gated. To begin, three eigenvalues B, B+ ~S' and S - tJ.B 
(where ~S = 0.05) are assumed as solutions to the equations 
G" + 1 8' 28 2 (1 n_2)8 0 + - = n_ ' 
¢" + 1 <P' 2L 8 2 (1 n2) <P 0 (A-1) + ., = n 
The evaluation of these equations is performed numeri-
cally by the Runge-Kutta integration method. To start the 
integraticr, four starting values for 8,8', <P and <P' are 
needed. From the symmetry conditions at the centerline of 
the tube (i.e., n. = 0), 8'(0) = <P'(O). Then because 
d8(0)/dn = d<P(O)/dn = 0, we can write 8(0) = <P(O) = constant, 
which in this case, is chosen arbitrarily as one. There-
fore, the starting values are 
8'(0) = ¢'(0) = 0' 0(0) = <P(O) = 1 (A- 2) 
The integration is carried out from n_ = 0 as a starting 
point , to n_ = 1 w-i t h a s t e p s i z e of &n_ = 0 . 0 1 which was 
shown to be of sufficient accuracy. 
After performing the integration of each B, the values 
of 8(1), 8' (1), <1>(1) and <l>' (1) are used to evaluate the 
followlng functional value 
55 
8(1) + L 8'(1) = O 
Cl>(l) <P' (1) (A- 3) 
This relation comes from the boundary conditions discussed 
in the text, equation (19). 
For an initial guess of the three eigenvalues, the 
corresponding functional values F(S), from equation (A-3), 
will certainly be different from zero. These functional 
values are used to find a new B value which will give a 
better approximation to F(S) = 0. This is done by fitting 
a polynomial of second degree through the points specified 
by the three eigenvalues and the corresponding F(S) values. 
By a method of quadratic interpolation and employing the 
roots of the polynomial, a better guess at an eigenvalue 
that satisfies the function F(B) = 0 is obtained. This 
eigenvalue B is again written as B, B + 6S and S - 68 and 
the process is repeated until F(B) is less than a preassigned 
tolerence of 10- 6 • When this condition .is satisfied, the 
last S value is accepted as an eigenvalue. 
Inspection of equations (A-1) shows that at n = 0, the 
starting point, we have the terms ~8' and 
n 
the limit as n + 0 of the first equations 
~¢'. By taking 
n 
(A-1), we have 
lim 
n+o 
II + 1 im ~ 8 ' + 1 im 2 8 2 ( 1 - n 2 ) 8 = 0 
n+o n n+o 
(A-4) 




d 2 8/dn 2 
= lim dn/dn 
n+O 
Therefore, we can write the first of equations (A-1) as 
(A- 5) 
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20"(0) + 26 2 (0) = 0 (A-6) 
or 
8" (0) = --6 2 (A-7) 
when n = 0. The same i:s true of the second of equations 
(A-1). Then the equations to be solved are (A-1) when n > 0 
and 
8" (0) = -,.(3' 2 8(0) 
when n. = 0. 
(A-8) 
The computer program used i:n the calculation of the 
eigenvalues and other results presented, follows. 
COJ\IPUTER PROGHAl'vl USED TO CALCULATE 
THE EIGENVALUES AND 'l'ABULATED QUANTITIES 
C PARABOLIC PROFILE 
C COitlliiNED HEAT AND MASS TRANSFER IN A ClltCULAR TUBE 
57 
DIMENSION BETA(55),AN(55),BN(55),TB(55)fTW{55),YN(55), 




READ (1,201) NX,NY 
201 FORMAT{2I10) 
READ (1,200) {XN{I),I=l,NX) 
READ (1,200) (YN(I),I=1,NY) 
200 FORMAT(10F8.0) 






WRITE (3 103) 
103 FORMAT(/~X,'EIGENVALUES'//) 
WRITE { 3 , 121 ) {BET A ( I ) , I= 1 , NE ) 
121 FORMAT (6X,8Fl2.6) 
C TO CALCULATE SERIES COEFFICIENT AN AND BN 
V=B 
ALCP=A 



























GO TO 4 
5 N=2 
lVI=lOO 











DO 17 1=N,M 
GO TO (66,67 6$,69),11 66 K1=H*YP2(X(1~ 1 Y(1),Z(1)) 
.L1=H*ZP2(X(I),Y(1),Z(1)) 
GO TO 36 
67 K1=H*YP1(X(1),Y(I),Z(1)) 
L1=H*ZP1(X(1),Y(1),Z(1)) 
GO TO 36 
6$ K1==H*YP4(XPH(I),YPH(I),ZPH(I)) 
L1=H*ZP4(XPH(1) ,YPH(1) ,ZPH(1)) 
GO TO 36 








712 GO TO (56,57,5B,59),I1 56 K2=H*YP2(A,B,C) 
L2=H*ZP2{A,B,C) 
GO TO 37 
57 K2-H*YPl(A,B,C) 
L2=H*ZPl(A,B,C) 
GO TO 37 
58 K2==H*YP4(A,B,C) 
L2==H*ZP4(A,B,C) 
GO TO 37 
59 K2=H*YP3(A,B,C) 
L2-H*ZPJ(A,B,C) 




GO TO 732 
731 D=YPH(I)+(K2)/2. 
E=ZPH(I)+(L2)/2. 
732 GO TO (46,47,4B,44),II 
46 K3-H*YP2(A,D,E) 
L3+H,:CZP2 (A, D, E) 
GO TO 38 
47 K3=H*YP1(A,D,E) 
L3=H*ZP1 (A,D ,E) 
GO TO 3B 
48 K3=H*YP4(A,D,E) 
L3=H*ZP4 (A,D ,E) 
GO TO 38 
44 K3=H*YP3(A,D,E) 
L3=H*ZP3 (A,D,E) 
38 GO TO (733,733,734,734),II 
733 F=X(I)+H 
G•:Y(I)+K3 
HH==Z (I )+L3 
GO TO 735 
734 F==XPH(I)+H 
G-=YPH(I)+K3 
HH-=ZPH (I )+L3 
735 GO TO (26,27,2B,29),II 
26 K4=H*YP2(F,G,HHJ 
L4=H*ZP2(F,G,HH) 
GO TO 39 
27 K4=H*YP1(F,G,HH) 
L4=H*ZP1(F,G,HH) 
GO TO 39 
28 K4=H*YP4{F,G,HH) 
L4-H*ZP4(F,G,HH) 
GO TO 39 
29 K4==H*YP3(F,G,HH) 
L4-H*ZP3(F,G,HH) 




GO TO 602 
601 YPH(I+1}==YPH(I)+(1/6.)*(K1+2*K2+2*K3+K4) 
















WRITE(3 904) BETA(JJ),CC(JJ) 
904 FORMAT f//lOX,'BETA='Fl0.6,12X,'FBET= 1 Fl0.6) 
WRITE(3,900) 
900 FORMAT(lOX 1 ETA',lOX'THEAT'l2X'THETA-P') 
WRITE ( 3, 901) X (M+ 1), Y 0JI+ 1), Z (M+ 1) 
901 FORMAT(3Fl4.6) 
WRITE ( 3 , 902 ) 












DO 210 I==l,MOD 
UN-=CZ 
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~~(±~0 .J~71t15ao TO 780 
THETA(LM,IP)=Y(IP) 
PHI(LM,IP)=YPH(IP) 



















WRITE {3, 104) 
104 FORMAT ( '1' ,lOX, 'AN' ,18X, 'AN' ,lSX, 'AN' ,18X, 'AN' ,l8X, 
l'AN'////) 
WRITE(3,105) {AN(I),I=l,NE) 
105 FOR¥mT {5F20.6) 
WRITE {3,106) 
106 FOR~.AT{/10X 'BN' ,lBX, 'BN' ,18X, 'BN' ,l8X, 'BN' ,18X, 'BN'/) WRITE(3,105~ {BN{I),I-l,NE) 




107 FORMAT{7X,'I',l0X,'K',9X,'DISTANCE X',9X,'DISTANCE KAI' 
l I 15 X I ' T BU LK 'I 7 ) 
DO 750 K=l,50 
750 BETA{K)=TBETA{K) 
XX==l.3 








IF{I.GE. 43) GO TO 62 
61 PSB=Al*BES/{B2*EXP{B2*XL)) 







IF{CNVG .LE •• 000001) GO TO 64 
K==K+1 
IF {K .LE. NE) GO TO 60 
64 TBULK~2.0*SUM 
TB{I)-TBULK 
WRITE(3,10$)I,K,XX 1 XL,TBULK lOB FORMAT \2Il0,2F20.o,F20.6) 
IF (I .GE. 25) GO TO 152 
151 xx-xx-0.05 
GO TO 2 
152 IF ( I .GE. 33) GO TO 154 
153 XX-=XX-0.01 
GO TO 2 
154 XX=XX-0.002 
2 CONTINUE 




110 FORt~T(7X,'I',lOX,'K',9X,'DISTANCE X',8X,'DISTANCE KAI' 
1,10X t 'TWALL 'I 1) 
XX==1.J 














79 PSUM=ABS (SUM) 
SUM=SUM+PS QSUM=ABS (SUM} 
CNVG•ABS{QSUM-PSUM)/QSUM 
IF(CNVG .LE •• 000001} GO TO 80 
K=K+1 
IF(K-NE}76,76,80 
BO TWALL-=S UM 
TW(I)-=TWALL 
WRITE(3,108) I,K,XX,XLJTWALL 
IF (I .GE. 25} GO TO 1b1 
160 xx-xx-o. 05 
GO TO 40 
161 IF{I .GE. 33} GO TO 163 
162 xx-xx-o.o1 
GO TO 40 
163 XX==XX-0. 002 
40 CONTINUE 
C WALL TEMPERATURES VERY NEAR ENTRANCE OF THE TUBE 
WRITE(3 122) ALCP,L 
122 FOR~1AT l 'l' ,6X, 'WALL TE1-iPERATURES AT SMALL VALUES OF 
1KAI{XL)',5X,'ALCP-'F8.4,5X,'L-'F8.4,///} 
XL-=0.02 








IF{I .GE. 20) GO TO 181 
PS A1~cBES/EXP(B2:.:cXL) 






IF(CNVG .LE •• 000001) GO TO 183 
K=K+l 
IF (K .LE. NE} GO TO 180 
183 TWALL=SUM 
\~ITE(3~123) I,K,XX,XL,TWALL 
123 FORMAT l2Il0,2F20.6,F20.6) 
XL=XL-0. 001 
11 CONTINUE 
C WALL HEAT FLUX AND MASS FRACTION CALCULATION 
WRITE(3,lll) ALCP,L 




112 FORMAT{7X,'I',10X,'K',9X,'DISTANCE X',9X,'DISTANCE KAI' 
l,lOX, 'Q.WALL'//) 
XX==l.3 







IF(I .GE. 43) GO TO 83 
82 PS-A1*THEP(K)/EXP(B2*XL) 




84 PSUM-=ABS (SUM) 
SUM=SUM+PS QSUM-=ABS (SUM) 
CNVG=ABS(QSUM-PSUM)/QSUM 
IF(CNVG .LE •• 000001) GO TO 85 
K-=K+1 
IF {K .LE. NE) GO TO 81 
85 QWALL=-SUM QW(I)-QWALL 
WRITE {3,108) I,K,XX,XLJQWALL 
IF (I .GE. 25) GO TO 160 
165 xx-xx-o.os 
GO TO 55 
166 IF (I .GE. 33) GO TO 168 
167 XX==XX-0.01 
GO TO 55 
168 XX-=XX-0.002 
55 CONTINUE 
C NUSSELT NU~iliER (BASED ON TUBE RADIUS) 
WRITE(3,301) ALCP,L 
'WHITE ( 3,113) 





WRITE (3,114) XNFD 
114 FORiv1AT ( 6x, 'FULLY-DEVELOPED NUSSELT NUMBER =',Flo. 6111) 
WRITE (3, 115} 
115 FORf4AT(7X, '1' ,9X, 'DISTANCE X' ,9X, 'DISTANCE KAI' ,lOX, 
1'NUSSELT NO.'//) 
XX-=1.3 
DO 6 I=1,43 
XL-=XX:O:cL 
XNU-QW(I)I(TB(I)-TW(I)) 
WRITE (3,116) I,XX,XL,XNU 
116 FORMAT(Il0,3F20.6) 
IF(I .GE. 25) GO TO 171 
170 xx-xx-0.05 
GO TO 6 
171 IF (I .GE. 33) GO TO 173 
172 xx-xx-o.o1 
GO TO 6 
173 xx-xx-o.oo2 
6 CONTINUE 
C TEMPERATURE DISTRIBUTION CALCULATION 
DO 700 I==1,NX 
XL=XN(I) 
WRITE (3,117) ALCP,L,XL 
117 FORMAT('1',6X,'TEMPERATURE DISTRIBUTION',5X,'ALCP=', 
1F8.4,5X,'L=',FB.4//16X,'XL=',F8.4///} 







IF(J .EQ. 1) GO TO 189 
PS==A1*THETA(K,J)/EXP(B2*XL) 
GO TO 190 
189 PS==A1IEXP(B2*XL) 




IF(CNVG .LE •• 000001) GO TO 176 
K=K+1 
IF (K .LE. NE) GO TO 175 
176 TEMP-SUM 
1.VR ITE ( 3 , 11$ ) J , K , YN ( J ) , TE:r.-lP 
118 FORMAT (2I10,2F20.6,F20.6) 
8 CONTINUE 
700 CONTINUE 
C CALCULATION OF CONCENTRATION DISTRIBUTION 




119 FORMAT('1',6X,'CONCENTRATION DISTRIBUTION',5X,'ALCP=' 
1F8.4,5X,'L=',F8.4///6X,'XL•',F$.4///) 







IF(J .EQ. 1) GO TO 191 
PS=B1*PHI(K,J )/EXP(B2~cXL) 
GO TO 192 
191 PS=Bl/EXP(B2*XL) 
192 PSUM=ABS(SUM) 
S UM=S U1JI+ PS QSUM==ABS (SUM) 
CNVG=ABS ( QSU1JI-PSUM)/QSU!•1 
IF(CNVG .LE •• 000001) GO TO 178 
K==K+1 
IF (K .LE. NE) GO TO 177 
178 CONC-sUM 
WRITE(3,120) J,K,YN(K},CONC 








LEVEQUE...,TYPE SOLUTION NEAR THE TURE INLET 
In this appendix, the Leveque~type (boundary layer) 
solution near the tube inlet is presented. 
One begins by employing the conservation equations for 
energy and diffusion 
U~"" 
ax 
1 a aT 
r ar (r d r) ua C = D .!_ a ax r a r (r~) ar 
Two assumptions are made to complete the analysis: 
(B-1) 
(1) Be-
cause the thickness of the boundary layer is much smaller 
than the radius of the tube, the effect of curvature can be 
neglected and the equations can be written in Cartesian 
coordinates. (2) The velocity profile is approximated by 
a linear function in the boundary layer. 
To begin, one seeks a velocity profile of the form 
u = Cy. By expanding in a Taylor series and noting that 
du/dy = -du/dr, the expression that approximates the velocity 
distribution is 
u = (B- 2) 
Then the appropriate energy and diffusion equations become 
, (4U/R)y ~ = D82 C ax 8y 2 (B-3) 
Next, a transformation of the coordinates is made to reduce 
equations (B-3) to ordinary differential equations. Let 
67 
where s r= CxiR) I (URI ex). With this. change in th_e variable 
and the dimensionless variahles e = (T ~ Tf)l(~0 - Tf) and 
¢ = (C - Cf)I(C 0 ~ Cf) as defined before, equations (B~3) 
reduce to 
_ r2 d8 
'"" d~ (B- 5) 
The boundary conditions are determined as follows. In 
the free stream outside the boundary layer, the uniformity 
of T and C leads to 
e "" ¢ = 1 as r;; -+ oo 
The boundary conditions at the wall, r;; = 0, are 
d¢ d8 dE = L CfE 
Integration of equations (B-5) results in 
8 = C 1 fa 1: e - y 3 1: 3 d r;; + C 2 , ¢ = C 3 fa r;; e - 1/3 L r;; 3 d r;; + C 4 
Applying the boundary conditions leads to 




c2 = L 213 Ca>..slcp) + 
L [ (a\ I c l + 1 l c3 == .. s p l = _% z3 + L 2h e · dz (a:\ I c ) 
0 s p 








The evaluation o£ the int~gral in equations (B-9) and 
(B-11) is performed with_ the aid of the gamma function. The 
result is 
(B-13) 
The solutions for e and ¢ from equations (B-5) are then 




e = { c~ + 1 J F [ sl 3 113 J + CL 213 -- 1 J } 1 [e~) + 1% 1 c B -14 J 
p p 
2/ aA 1 aA 2 
¢ = {L 3 (-s + l)F[c;;CLI3)Y3 ] + (-s)(l- L/3 )} I 
c c p p 
l;; = 






the solutions reduce to 
T - Tf L 2/3 1 w -
= T ~ Tf (:Mslcp) + T o/ 3 0 .w 
and 
cw -. cf aA 5 C1 L 2/3) 
-· :::: 
c ~ cf c (aJ.. lc ) + L /3 0 p 
. s p 
(B-18) 
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The wall temperature results for the various cases studied 
were evaluated from equation (B-17) and are compared with 
the results from the series solution in Table 2. 
Appendix C 
FULLY DEVELOPED NUSSELT NID1BERS 
FOR PURE HEAT TRANSFER 
70 
In this appendix, the fully developed Nusselt numbers 
for laminar heat transfer in a circular tube without mass 
transfer will be considered for the case of Poiseuille flow. 
1 . Uniform Wall TemEerature 
The governing energy equation is 
aT k 1 a ( rE...!) puc - = --pax r ar ar 
The boundary conditions are 
T = T at X = 0 0 
T = T at r = R w 
aT 0 at R = 0 (symmetry) = 
ar 
Introducing the dimensionless variables 
e = 
T - T 
w 
T - T 
0 w 
r 
n = R 
_ x/R 
E, - (UR/cx) 
one can write equation (C-1) in dimensionless form as 
(C-1) 
(C- 2) 
( c- 3) 
in which the parabolic velocity profile u/U = 2(1 -n 2 ) has 
been used. The boundary conditions now have the form 
e = 1 at x = o 
e = o at n = 1 
ae = o at n = o 
an 
The separation of variables method is used in the 
71 
solution of equation (C~3} . The solution of equation (C-3) 
then assumes the form 
co. 
e = 2:: 
n=l 
Where 0 Obeys 
n 
and the boundary conditions 
de 





The S and 8 are the eigenvalues and eigenfunction, respec-
n n 
tively, and C are the series coefficients. 
n 
To determine the series coefficients C , the inlet 
n 
condition that 0 = 1 at ~ = 0 is applied. Thus, 
00 
1 = 2:: 
n=l 
c e Cn) 
n n 
(C-8) 
By using the orthogonality relation for the Sturm-Liouville 
system, there is obtained 
(C- 9) 
The wall heat flux is found from Fourier's law, q = w 
-k(0T/8r)R. With the aid of equation (C-5), there is obtained 
qw (2R) 




2 [ c 8 I (1) e-. sA~ 
n=l n n 






The right hand side of equation (C-12) is determined as 
follows. Equation (C-6) is integrated from n = 0 to 
n = 1, giving 
I 1 
0 (1) = -S 2 r n(l - n 2 )8 dn 




By employing equation (C-5) and making use of equation (C-13), 
equation (C-12) can be reduced to 
Tb - T = 8~(1) S2~ 
=----:=w_ = - 4 L: C e - n T - T n=l n 13 2 o w n 
(C-14) 
The Nusselt number is found from the definition 
T - T 
0 w 
[T - T ) 
w b (C-15) 
Substitution of equation (C-10) and (C-14) into equation 
(C-15) yields 
= 
c e' (l)e- 13 ~~ L: 
1 n=l n n Nud = 2 e~li) (C-16) = e-sA~ L: c s2 
n=l n n 
For fully developed heat transfer (i.e. ~ ~ =), the 
Nusselt number approaches a fully developed value which can 
be obtained from equation (C-16) by taking only the leading 




C 8 ' ( 1) e - B12 ~ 






-z- = 3.658 (C-17) 
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where the result was taken from reference [1]. Then we can 
write in terms of the tube radius, 
(C-18) 
2. Uniform Wall Heat Flux 
The fully developed heat transfer condition is charac-
terized by 
T - T 
( w ) = 0 ClX Tb - Tw 
(C-19) 
For uniform wall heat flux, the energy balance on a control 
volume gives 
dTb 2q w 
const. = = dX puc R p 
(C-20) 
Also from equations (C-19) and (C-20), 
dTb dT Cl'l' w 
const. dx = ax- = = Clx (C-21) 
It can be shown that the fully developed temperature (T - Tw) 
is a function of r only. Thus if one defines the dimension-
less parameters 
T - T 




n = R (C-22) 
and makes use of the relation u/U = 2(1 - n 2 ), the energy 
equation (C-1) becomes 
(C-23) 
The boundary conditions are 
e = o at n = 1 
' 
de dn = 0 at n = 0 (C-24) 
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The temperature solution is 
T - T n4 
8 w nz 3 = = - -
qw R 4 4 lC-25) 
}( 



































L - 0.81, aA /c • 0.1 s p 
n n 
18 27.251780 35 
19 29.194970 36 
20 30.361190 37 
21 32.052870 38 
22 33-477270 39 
23 34.909250 40 
24 36.594490 41 
25 37-768170 42 
26 39-707450 43 
27 40.634710 44 
28 42.806900 45 
29 43.518400 46 
30 45.872710 47 
31 46.439680 48 
32 48.875300 49 






















( 2) L = O.S1, a\ /c = 1.0 
s p 
n sn n Bn n Bn 
1 2.007416 1S 27.299710 35 52.696150 
2 3.772053 19 29.233550 36 54.603590 
3 4.978S10 20 30.271710 37 55.657S60 
4 6.7S7422 21 32.205060 3S 57.620420 
5 7.990398 22 33.271040 39 58.647680 
6 9.744061 23 35.152570 40 60.614920 
7 11.024580 24 36.295370 41 61.668330 
$ 12.674380 25 38.082100 42 63.589810 
9 14.072000 26 39-338830 43 64.717800 
10 15.592010 27 41.000760 44 66.551080 
11 17.124400 28 42.394390 45 67.790640 
12 18.505930 29 43-915220 46 69.505660 
13 20.174160 30 45-455230 47 70.880460 
14 21.423620 31 46.831720 48 72.459960 
15 23.213720 32 48.514840 49 73-981180 
16 24.352430 33 49-756460 50 75-419660 






















L - 0.81, aA /c - 10.0 s p 
n n 
18 27.337210 35 
19 29.272760 36 
20 30.191390 37 
21 32.380840 38 
22 33.059950 39 
23 35.454250 40 
24 35.964690 41 
25 38.423290 42 
26 38.945800 43 
27 41.372170 44 
28 42.009610 45 
29 44.250960 46 
30 45.116710 47 
31 47.115640 48 
32 48.241710 49 




































(4) L- 2.0, aA 8 /cp • 0.1 
n n 
15 17.909690 29 35-400460 
16 19.318130 30 37-302240 
17 20.682580 31 37-771420 
18 21.355890 32 39.370740 
19 23.234830 33 40.538110 
20 23.628700 34 41.417600 
21 25.310950 35 43.236700 
22 26.374490 36 43-566100 
23 29.097500 37 45-415750 
24 29.445860 38 46.240380 
25 31.307810 39 47-474180 





















(5) L- 2.0, aA 8 /cp = 1.0 
n n 
15 18.149390 29 35.550300 
16 19.212490 30 37.046960 
17 20.663190 31 38.052390 
18 21.463080 32 39.223550 
19 22.971810 33 40.610160 
20 23.926870 34 41.442840 
21 25.147520 35 42.997940 
22 26.479730 36 43.856970 
23 28.883130 37 45.211070 
24 29.718730 38 46.428520 
25 31.0940.30 39 47-402340 





















{6) L - 2.0, aA8 /cp = 10.0 
n n 
15 18.479410 29 35.766150 
16 1a.99021o 30 36.771720 
17 20.642660 31 38.422850 
18 21.631390 32 38.935220 
19 22.713210 33 40.698370 
20 24.302040 34 41.488700 
21 24.844710 35 42.791700 
22 26.613380 36 44.201560 
23 28.698890 37 44.898260 
24 30.047830 38 46.693480 
25 30.784530 39 47.251220 


























L- 3.5, aA /c = 0.1 s p 
n n 
18 17.915660 35 34.886010 
19 19.149590 36 35.894510 
20 20.560190 37 37-379790 
21 20.804100 38 37-744060 
22 22.175440 39 38.965480 
23 23.474340 40 40.401820 
24 23.757850 41 40.644280 
25 25.205360 42 42.051070 
26 26.340940 43 43-329810 
27 26.763900 44 43.655280 
28 28.240550 45 45.151560 
29 29.191490 46 46.200250 
30 29.793350 47 46.742170 
31 31.282130 48 48.265790 
32 32.037960 49 49.059960 





(8) L = 3.5, aA /c = 1.0 
s p 
n sn n Bn n Bn 
1 1. 232306 15 15.236510 29 29.217450 
2 2.420512 16 16.111110 30 29.876600 
3 3.524116 17 17.393930 31 31.147390 
4 4.218069 18 18.138580 32 32.134700 
5 5.417906 19 19.106550 33 32.869060 
6 6.490504 20 20.372280 34 34.170180 
7 7.177518 21 21.046470 35 35.045220 
8 8.416529 22 22.108350 36 35.884940 
9 9.420703 23 23.337630 37 37.194580 
10 10.144920 24 23.967780 38 37.958340 
11 11.413360 25 25.115890 39 38.921670 
12 12.333020 26 26.286300 40 40.214340 
13 13.123270 27 26.909660 




(9) L- 3.5, aA5 /cp = 10.0 
n B n B n B n n n 
1 1.608059 18 18.464900 35 35.285260 
2 2.179188 19 18.970330 36 35.855160 
3 3-473353 20 20.193130 37 36.973730 
4 4-534923 21 21.399210 38 38.280340 
5 5-159117 22 21.909270 39 38.783640 
6 6.505098 23 23.209510 40 40.035350 
7 7.420166 24 24.306120 41 41.239660 
8 8.155295 25 24.880050 42 41.763640 
9 9-517250 26 26.228450 43 43-110090 
10 10.296260 27 27.194710 44 44.163550 
11 11.159290 28 27.876860 45 44-798270 
12 12.517140 29 29.249480 46 46.195200 
13 13.173760 30 30.075540 47 47.069480 
14 14.167750 31 30.893440 48 47.873900 
15 15.502010 32 32.270490 49 49.283500 
16 16.061630 33 32.958410 50 49.976940 
17 17.179190 34 33-926220 
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TABLE D-2 
BULK TEMPERATURE AND ~~SS FRACTION DISTRIBUTIONS, 
(Tb - Tf)/(T0 - Tf) and (Cb - Cf)/(C0 - Cf) 
(1) L == 0.81; a'A 5 /cp ... 0.1, 1.0, 10.0 
~LjD a/\s - - 0 1 1.0 10.0 c • p 
0 1.0 1.0 1.0 
0.002 0.961456 0.964309 0.965481 
0.004 0.940976 0.944177 0.947105 
o.oo6 0.923688 0.927863 0.931573 
o.ooa 0.908541 0.913465 0.917940 
0.010 0.894791 0.900431 0.905536 
0.014 0.870222 0.877128 0.883390 
0.018 0.848408 0.856418 0.863677 
0.020 o.s3s266 0.846787 o.8545o6 
0.040 0.754112 0.766703 0.778121 
0.060 0.688074 0.703665 0.717823 
o.o8o 0.632293 0.650267 0.666617 
0.100 0.583505 0.603431 0.621590 
0.200 0.401314 0.426956 0.450565 
0.300 0.279822 0.306750 0.331886 
0.400 0.195567 0.221087 0.245321 
0.500 0.136742 0.159465 0.181477 
o.6oo 0.095622 0.115043 0.134273 
0.700 0.066869 0.083001 0.099352 
o.aoo 0.046763 0.059885 0.073514 
0.900 0.032703 0.043207 0.054395 
1.000 0.022870 0.031174 0.040249 
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TABLE D-2 (continued) 
(2) L - 2.0; aA /c a 0.1, 1.0, 
s p 10.0 
~ a A ~ - 0.1 1.0 10.0 Cp 
0 1.0 1.0 1.0 
0.002 0.959959 0.952812 0.942497 
0.004 0.938244 0.927339 0.911696 
o.oo6 0.920161 0.906177 0.886194 
o.oo8 0.904280 0.887629 0.863907 
0.010 0.889903 0.870869 0.843819 
0.014 0.864254 0.841039 0.808194 
0.018 0.841496 0.814656 0.776816 
0.020 0.830929 0.802424 o. 762304 
0.040 0.743351 0.701727 0.643995 
0.060 0.674796 0.623851 0.553980 
o.o8o 0.617098 0.559027 0.480382 
0.100 0.566768 0.503235 0.418204 
0.200 0.380729 0.3o6208 0.213359 
0.300 o. 259315 0.189398 0.110000 
0.400 0.177027 0.117617 0.056928 
0.500 0.120900 0.073120 0.029515 
0.600 0.082574 0.045471 0.015316 
0.700 0.056398 0.028279 0.007951 
0.800 0.038520 0.017588 0.004128 
0.900 0.026309 0.010938 0.002144 
1.000 0.017969 0.006803 0.001113 
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TABLE D-2 (concluded) 
(3) L == 3.5; a>.. /c ""'0.1, 1.0, 10.0 
s p 
~ a>.. ~ .... 0.1 1.0 10.0 UR D cp 
0 1.0 1.0 1.0 
0.002 0.959687 0.947205 0.923357 
0.004 0.937159 0.917903 0.881508 
o.oo6 0.918710 0.894016 0.847653 
0.008 0.902546 0.873161 0.818302 
0.010 0.887916 0.854355 0.791995 
0.014 0.860837 0.820957 0.745656 
0.018 0.838238 0.791495 0.704346 
0.020 0.827641 0.777858 0.686035 
0.040 0.739006 0.666411 0.538172 
0.060 0.669544 0.581498 0.430328 
0.080 0.611159 0.512077 0.346919 
0.100 o. 560376 0.453544 0.281047 
0.200 0.373839 0.257845 0.102772 
0.300 0.253066 0.150428 0.039506 
0.400 0.171715 0.088266 0.015589 
0.500 0.116560 0.051858 0.006232 
0.600 0.079126 0.030475 0.002507 
0.700 0.053714 0.017911 0.001011 
0.800 0.036464 0.010526 0.000409 
0.900 0.024754 0.006187 0.000165 
1.000 0.016804 0.003636 0.000067 
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TABLE D-3 
WALL TEMPERATURE DISTRIBUTIONS (T'W - Tf)/(T
0 
- Tf) 


























































































TABLE D-3 {continued) 
( 2) L = 2.0; aA.s/cp = 0.1, 1.0, 10.0 
~ a>.. 0.1 --2. 1.0 10.0 I cp 
0 ------ ------ ------
0.002 0.334621 0.216708 0.047894 
0.004 0.330464 0.213516 0.047034 
o.oo6 0.327330 0.211124 0.046394 
0.008 0.324692 0.209119 0.045859 
0.010 0.322357 0.207349 0.045388 
0.014 0.318260 0.204253 0.044568 
0.018 0.314647 0.210532 0.043850 
0.020 0.312964 0.200267 0.043517 
0.040 0.298491 0.189453 0.040694 
0.060 0.285846 0.180087 0.038280 
0.080 0.273573 0.171058 0.035973 
0.100 0.261035 0.161885 0.033649 
0.200 0.193974 0.113728 0.021760 
0.300 0.135431 0.073542 0.012466 
0.400 0.092930 0.046252 0.006766 
0.500 0.063529 0.028856 0.003586 
o.6oo 0.043398 0.017962 0.001880 
0.700 0.029642 0.011174 0.000981 
0.800 0.020245 0.006950 0.000510 
0.900 0.013828 0.004323 0.000265 
1.000 0.009444 0.002688 0.000138 
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TABLE D-3 (concluded) 
( 3) L""' 3.5; a>-. /c ... 0.1, s p 1.0, 10.0 






0.002 0.522969 0.376194 0.098793 
0.004 0.516651 0.370339 0.096527 
0.006 0.511823 0.365700 0.094823 
0.008 0.507715 0.361864 0.093390 
0.010 0.504043 0.358448 0.092123 
0.014 0.497510 0.352396 0.089895 
0.018 0.491649 0.346995 0.087926 
0.020 0.488886 0.344457 0.087006 
0.040 0.464058 0.321876 0.078969 
0.060 0.440312 0.300588 0.071589 
0.080 0.415657 0.278754 0.064187 
0.100 0.390253 0.256550 0.056841 
0.200 0.272266 0.158498 0.027322 
0.300 0.185622 0.094133 0.011870 
0.400 0.126096 0.055450 0.004957 
0.500 0.085610 o. 032605 0.002034 
0.600 0.058117 0.019165 0.000829 
0.700 0.039453 0.011264 0.000336 
o.8oo 0.026783 0.006620 0.000136 
0.900 0.018181 0.003891 0.000055 
1.000 0.012342 0.002287 0.000022 
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TABLE D-4 
WALL HEAT AND 1-1ASS FLUX DISTRIBUTIONS~ 
{qwit)/ ~{T0 - Tf)] and mR/~pDL(Cf -· C0 J 
(1) L = 0.81; a>. 8 /cp = 0.1, 1.0, 10.0 
~ a>. 1.0 10.0 ___§. == o.1 D Cp 
0 _.._.., __ 
------ ------
0.002 7-510688 7.100742 6.729680 
0.004 5.806126 5-494751 5.214310 
0.006 4-973190 4-709568 4-472484 
o.ooa 4-443528 4.212810 4.000650 
0.010 4.069468 3.858048 3.667557 
0.014 3-552117 3-370853 3.206971 
0.018 3.200882 3.039893 2.894349 
0.020 3.061839 2.908957 2.770629 
0.040 2.254540 2.149055 2.052965 
0.060 1.856808 1.775071 1.700132 
o.o8o 1.602127 1.535891 1.474752 
0.100 1.418086 1.363314 1.312375 
0.200 0.901053 0.881575 0.861919 
0.300 0.619783 0.621696 0.621071 
0.400 0.432086 0.446195 0.456799 
0.500 0.301954 0.321477 0.337531 
0.600 0.211119 0.231843 0.249667 
0.700 0.147629 0.167249 0.184721 
0.800 0.103237 0.120664 0.136678 
0.900 0.072195 0.087058 0.101132 
1.000 0.050488 0.062813 0.074831 
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TABLE D-4 (continued) 
(2) L = 2.0; a>... 8 /cp = 0.1, 1.0, 10.0 




0.002 3.171357 3-725241 4-510810 
0.004 2.458603 2.880560 3.477016 
o.oo6 2.103293 2.460961 2.958512 
0.008 1.880752 2.194466 2.633203 
0.010 1.721101 2.004728 2.399595 
0.014 1.501015 1.742989 2. 077105 
0.018 1.351567 1.565077 1.857669 
0.020 1.292418 1-494609 1.770683 
0.040 0.948812 1.084186 1.262665 
0.060 0.779247 0.880257 1.008379 
0.080 0.670420 0.748092 0.841825 
0.100 0.591534 0.651074 0.717881 
0.200 0.368540 0.371149 0.355068 
0.300 0.247826 0.226135 0.181529 
0.400 0.168811 0.139863 0.093586 
0.500 0.115244 0.086852 0.048431 
0.600 0.078706 0.053993 0.025109 
0.700 0.053755 0.033577 0.013029 
0.800 0.036715 0.020882 0.006764 
0.900 0.025076 0.012987 0.003512 
1.000 0.017127 0.008077 0.001825 
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TABLE D-4 (concluded) 
(3) L - 3.5; a;>.. /c == 0.1, 1.0, 10.0 s p 
x/R aA.s 1.0 10.0 
- = 0.1 




0.002 1.852531 2.415569 3.468942 
0.004 1.430112 1.855474 2.639322 
0.006 1.223959 1.581788 2.233395 
0.008 1.093467 1.408353 1.975816 
0.010 1.000370 1.284483 1.791592 
0.014 0.872159 1.113607 1.536950 
0.018 0.785073 0.997271 1.363055 
0.020 0.750602 0.951118 1.293919 
0.040 o. 549923 0.680717 0.884765 
0.060 0.450913 o. 543736 0.672108 
0.080 0.387013 0.453104 0.527129 
0.100 0.340616 0.386053 0.418729 
0.200 0.210141 0.201046 0.143287 
0.300 0.140397 0.114895 0.053054 
0.400 0.095061 0.067107 0.020530 
0.500 0.064505 0.039386 0.008128 
0.600 0.043786 0.023141 0.003254 
0.700 0.029724 0.013600 0.001310 
0.800 0.020178 0.007993 0.000529 
0.900 0.013698 0.004697 0.000214 





















0 .. 900 




NUSSELT NUMBER DISTRIBUTIONS (q'"·p}/[k(Tb - Tw}J 
(1) L = 0.81; aA /c = 0.1, 1.0, 10.0 s p 






































































TABLE D-5 (cent inued ) 
( 2) L == 2.0; a\ /c = 0.1, 1.0, 10.0 
s p 
~ a;,_ ~ = 0.1 1.0 10.0 D cp 
0 
------ ------ ------
0.002 5.071430 5.060754 5.042247 
0.004 4-045218 4.035397 4.021244 
0.006 3.547877 3-540681 3. 522878 
0.008 3.244977 3. 234240 3.218884 
0.010 3.032534 3. 021353 3.005388 
0.012 2.873545 2.861957 2.845449 
0.016 2.648577 2.636228 2.61857.3 
0.020 2.495184 2.482089 2.46.34.32 
o. 0.30 2.262226 2.247464 2.22634.3 
0.050 2. 05.36.39 2.0.35599 2.009707 
0.070 1.971.375 1.949890 1.9188.33 
0.100 1.9.34807 1.907.351 1.866780 
0.200 1.97.3.385 1.928246 1.85.3184 
0 • .300 2.000469 1.95186.3 1.861206 
0.400 2.007334 1.959825 1.865647 
0.500 2.008747 1.962147 1.867818 
0.600 2.009020 1.962808 1.868861 
0.700 2.009070 1.962992 1.869364 
0.800 2.009082 1. 963044 1.869598 
0.900 2.009082 1.963059 1.86971.3 
1.000 2.009083 1.963062 1.869767 
























( 3 ) 
TABLE D-5 (concluded) 









































































TEMPERATURE DISTRIBUTIONS (T - Tr)/(T - T ) o r 
(1) L == 0.81, a:\ /c = 0.1 
s 
r mfj a == o.o1 0.05 0.1 0.3 0.5 1.0 !r 
0 1.00000 0.99717 o. 93231 0.44287 0.18588 0.02050 
0.01 1.00000 0.99715 0.93220 0.44277 0.18584 0.02049 
0.02 1.00000 0.99710 0.93188 0.44249 0.18572 0.02048 
0.03 1.00000 0.99700 0.93134 0.44202 0.18551 0.02046 
0.04 1.00000 0.99687 0.93059 0.44136 0.18523 0.02042 
0.05 1.00000 0.99670 0.92961 0.44052 0.18486 0.02038 
0.10 1.00000 0.99516 0.92143 0.43352 0.18183 0.02005 
0.20 1.00000 0.98672 0.88738 0.40631 0.17007 0.01874 
0.30 1.00000 0.96397 0.82694 0.36353 0.15166 0.01670 
0.35 1.00000 o. 94323 0.7E3592 0.33738 0.14045 0.01546 
0.40 0.99996 0.91369 0.73757 0.30872 0.12821 0.01411 
0.45 0.99963 o.a7351 0.68215 0.27811 0.11518 0.01267 
0.50 0.99820 0.82133 0.62023 0.24611 0.10161 0.01117 
0.55 0.99319 0.75657 o. 55271 0.21326 0.08773 0.00963 
0.60 0.97893 0.67959 0.48077 0.18008 0.07376 0.00809 
0.65 0.94586 0.59177 0.40575 0.14706 0.05991 0.00656 
0.70 0.88231 0.49536 0.32909 0.11462 0.04634 0.00507 
0.75 0.77925 0.39318 0.25221 0.08309 0.03319 0.00362 
0.80 0.63554 0.28E326 0.17636 0.05275 0.02058 0.00223 
0.85 0.45945 0.18341 0.10259 0.02378 0.00857 0.00091 
0.90 0.26534 0.08093 0.03166 -0.00.371 -0.00280 -0.00033 
0.95 0.06769 -0.01760 -0.03599 -0.02975 -0.01357 -0.00152 
1.00 -0.12381 -0.11148 -0.10029 -0.05442 -0.02375 -0.00264 
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TABLE D-6 (continued) 
(2) L = 0.81, af- /c = 1.0 
s p 
r u(/a - 0.01 0.05 0.1 0.3 0.5 1.0 rr 
0 1.00000 0.99723 0.93573 0.46601 0.20959 0.02797 
0.01 1.00000 0.99722 0.93562 0.46592 0.20955 0.02796 
0.02 1.00000 0.99716 0.93532 0.46564 0.20942 0.02795 
0.03 1.00000 0.99708 0.93481 0.46518 0.20921 0.02792 
0.04 1.00000 0.99695 0.93409 0.46454 0.20892 0.02788 
0.05 1.00000 0.99679 0.93317 0.46372 0.20854 0.02783 
0.10 1.00000 0.99534 0.92539 0.45689 o. 20541 0.02741 
0.20 1.00000 0.98735 o. 89304 0.43031 0.19323 0.02578 
0.30 1.00000 0.96581 0.83556 0.38844 0.17412 0.02322 
0.35 0.99995 0.94616 0.79652 0.36278 0.16243 0.02166 
0.40 0.99977 0.91815 0.75048 0.33461 0.14963 0.01995 
0.45 0.99960 0.88004 0.69766 0.30445 0.13596 0.01813 
0.50 0.99826 0.83054 0.63861 0.27283 0.12167 0.01622 
0.55 0.99353 0.76906 0.57415 o. 24028 0.10698 0.01426 
o.6o 0.98006 0.69592 0.50541 0.20730 0.09214 0.01227 
0.65 0.94880 0.61243 0.43364 0.17435 0.07734 0.01030 
0.70 0.88870 0.52071 0.36022 0.14184 0.06277 0.00836 
0.75 0.79122 0.42341 0.28649 0.11013 0.04857 0.00646 
0.80 0.65521 0.32341 0.21365 0.07948 0.03488 0.00464 
0.85 0.48846 0.22338 0.14270 0.05009 0.02177 0.00289 
0.90 o. 30453 0.12552 0.07440 0.02209 0.00928 0.00122 
0.95 0.11714 o. 03135 0.00918 -0.00450 -0.00256 -0.00035 
1.00 -0.06449 -0.05840 -0.05283 -0.02974 -0.01381 -0.00185 
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TABLE D-6 (continued) 
( 3 ) L == 0.81, aA. 8 /cp ... 10.0 
r uk'a = 0.01 0.05 0.1 0.3 0.5 1.0 Ir 
0 1.00000 0.99740 0.93890 0.48739 0.2)229 0.03619 
0.01 1.00000 0.99739 0.93880 0.48730 0.23225 0.03619 
0.02 1.00000 0.99734 0.93851 0.48703 0.23212 0.03616 
0.03 1.00000 0.99726 0.9)802 0.48658 0.23191 0.03613 
0.04 1.00000 0.99714 0.93734 0.48596 0.23160 0.03608 
0.05 1.00000 0.99699 0.93646 0.48515 0.23122 0.03602 
0.10 1.00000 0.99560 0.92905 0.47850 0.22801 0.03552 
0.20 1.00000 0.98801 0.89823 0.45254 0.21551 0.03358 
0.30 1.00000 0.96755 0.84343 0.41159 0.19583 o. 03051 
0.35 1.00000 0.94888 0.80618 0.38644 0.18377 0.02863 
0.40 0.99993 0.92225 0.76223 0.35878 0.17052 0.02656 
0.45 0.99964 0.88600 0.71178 0.32910 0.15633 0.02435 
0.50 0.99838 0.83890 0.65534 0.29792 0.14145 0.02203 
0.55 0.99391 0.78037 0.59368 0.26574 0.12610 0.01964 
0.60 0.98110 0.71071 0.52786 0.23303 0.11053 0.01721 
0.65 0.95145 0.63114 0.45908 0.20026 0.09494 0.01479 
0.70 0.89448 0.54366 0.38864 0.16781 0.07952 0.01238 
0.75 0.80201 0.45080 0.31781 0.13604 0.06444 0.01003 
0.80 0.67288 0.35527 0.24776 0.10524 0.04982 0.00776 
0.85 0.51450 0.25964 0.17945 0.07559 0.03576 0.00557 
0.90 0.33975 0.16601 0.11360 0.04726 0.02232 0.00347 
0.95 0.16160 0.07584 0.05067 0.02028 0.00953 0.00148 
1.00 -0.01113 -0.01013 -0.00921 -0.00536 -0.00262 -0.00041 
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TABLE D-6 (continued) 
(4) L = 2.0, at.. 8 /cp = 0.1 
r uh5a = 0.01 0.05 0.1 0.3 0.5 1.0 rr 
0 1.00000 0.99824 0.95909 0.63810 0.42363 0.16187 
0.01 1.00000 0.99823 0.95902 0.63803 0.42358 0.16185 
0.02 1.00000 0.99820 0.95883 0.63783 0.42346 0.16181 
0.03 1.00000 0.99814 0.95850 0.63749 0.42325 0.16173 
0.04 1.00000 0.99807 0.95804 0.63701 0.42296 0.16162 
0.05 1.00000 0.99797 0.95744 0.63640 0.42258 0.1614$ 
0.10 1.00000 0.99705 0.95244 o. 63131 0.41946 0.16033 
0.20 1.00000 0.99203 0.93158 0.61141 0.40723 0.15581 
0.30 1.00000 0.97844 0.89435 0.57972 0.38769 0.14857 
0.35 0.99997 0.96601 0.86895 0.56008 0.37553 0.14405 
0.40 0.99992 0.94824 0.83887 o. 53830 0.36200 0.13900 
0.45 0.99972 0.92399 0.80421 0.51472 0.34729 0.13351 
0.50 0.99890 0.89239 0.76526 0.48969 0.33160 0.12763 
0.55 0.99597 0.85300 0.72251 0.46354 0.31513 0.12145 
0.60 0.98761 0.80596 0.67664 0.43662 0.29809 0.11503 
0.65 0.96818 0.75200 0.62843 0.40927 0.28067 0.10845 
0.70 0.93075 0.69243 0.57875 0.38178 0.26307 0.10179 
0.75 0.86984 0.62889 0.52847 0.35445 0.24547 0.09510 
0.80 0.78454 0.56319 0.47840 0.32753 0.22803 0.08847 
0.85 0.67957 0.49709 0.42925 0.30123 0.21091 0.08194 
0.90 0.56331 0.43205 0.38157 0.27575 0.19424 0.07558 
0.95 0.44440 0.36915 0.33577 0.25122 0.17814 0.06942 
1.00 0.)2881 0.)0901 0.29206 0.22776 0.16272 0.06352 
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TABLE D-6 (continued) 
( 5) L .... 2.0, a>. /c == 1.0 s p 
r t£ja == O. 01 0.05 0.1 0.3 0.5 1.0 R 
0 1.00000 0.99798 o. 95215 0.58418 0.35166 0.10571 
0.01 1.00000 0.99797 0.95207 0.58410 0.35161 0.10570 
0.02 1.00000 0.99793 0.95184 0.58387 0.35148 0.10566 
0.03 1.00000 0.99787 0.95146 0.58349 0.35127 0.10560 
0.04 1.00000 0.99778 0.95092 0.58296 0.35096 0.10551 
0.05 1.00000 0.99766 0.95023 0.58227 0.35058 0.10540 
0.10 1.00000 0.99658 0.94439 0.57658 0.34734 0.10446 
0.20 1.00000 0.99068 0.92007 0.55434 0.33470 0.10079 
0.30 1.00000 0.97473 0.87672 0.51903 0.31459 0.09493 
0.35 1.00000 0.96015 0.84718 0.49721 0.30213 0.09130 
0.40 0.99993 0.93933 0.81224 0.47308 0.28832 0.08726 
0.45 0.99970 0.91095 0.77204 0.44704 0.27338 0.08287 
0.50 0.99874 0.87399 0.72692 0.41947 0.25752 0.07821 
0.55 0.99528 0.82797 0.67750 0.39080 0.24096 0.07333 
0.60 0.98540 0.77308 0.62454 0.36140 0.22392 0.06829 
0.65 0.96250 0.71022 0.56901 0.33166 0.20661 0.06316 
0.70 0.91841 0.64090 0.51189 0.30192 0.18923 0.05799 
0.75 0.84673 0.56709 0.45421 0.27249 0.17195 0.05283 
0.80 0.74646 0.49091 0.39691 o. 24365 0.15494 0.04775 
0.85 0.62319 0.41439 0.34078 0.21560 0.13833 0.04278 
0.90 0.48684 0.33923 0.28646 0.18853 0.12225 0.03795 
0.95 0.34754 0.26664 0.23436 0.16256 0.10678 0.03330 
1.00 0.21225 0.19730 0.18468 0.13778 0.09198 0.02885 
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TABLE D-6 (continued) 
(6) L == 2.0, aA /c = 10.0 
s p 
r ~ == 0 01 0.05 0.1 0.3 0.5 1.0 R" • 
0 1.00000 0.99755 0.94231 0.51157 0.26067 0.04981 
0.01 1.00000 0.99753 0.94222 0.51148 0.26062 0.04980 
0.02 1.00000 0.99749 0.94194 0.51122 0.26049 0.04978 
0.03 1.00000 0.99741 0.94148 0.51079 0.26027 0.04973 
0.04 1.00000 0.99730 0.94084 0.51019 0.25997 0.04968 
0.05 1.00000 0.99715 0.94000 0.50941 0.25958 0.04960 
0.10 1.00000 0.99585 0.93300 0.50298 0.25633 0.04899 
0.20 1.00000 0.98870 0.90384 0.47788 0.24367 0.04662 
0.30 1.00000 0.96940 0.85197 0.43821 0.22368 0.04286 
0.35 1.00000 0.95179 0.81670 0.41380 0.21139 0.04055 
0.40 0.99992 0.92666 0.77504 0.38692 0.19789 0.03800 
0.45 0.99964 0.89244 0.72720 0.35803 0.18333 0.03526 
0.50 0.99847 0.84796 0.67363 0.32761 0.16802 0.03237 
0.55 0.99426 0.79264 0.61507 0.29615 0.15219 0.02937 
o.6o 0.98209 0.72678 0.55249 0.26410 0.13606 0.02632 
0.65 0.95432 0.65148 0.48704 0.23189 0.11984 0.02324 
0.70 0.90070 0.56864 0.41993 0.19992 0.10373 0.02018 
0.75 0.81363 0.48064 0.35237 0.16852 0.08789 0.01717 
o.eo 0.69200 0.39003 0.28547 0.13797 0.07247 0.01424 
0.85 0.54271 0.29924 0.22017 0.10850 0.05757 0.01140 
0.90 0.37774 0.21027 0.15715 0.08024 0.04328 0.00867 
0.95 0.20977 0.12453 0.09686 0.05328 0.02963 0.00606 
1.00 0.04669 0.04274 0.03946 0.02762 0.01663 0.00358 
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TABLE D-6 (continued) 
(7) L = 3.5, af... 5 /cp = 0.1 
r r£'a = 0.01 0.05 0.1 0.4 o.8 1.0 R 
0 1.00000 0.99876 0.97060 0.63870 0.39576 0.31611 
0.01 1.00000 0.99875 0.97055 0.63866 0.39574 0.31610 
0.02 1.00000 0.99873 0.97041 0.63850 0.39567 0.31604 
0.03 1.00000 0.99869 0.97017 0.63833 0.39556 o. 31595 
0.04 1.00000 0.99863 0.96984 0.63803 0.39541 0.31583 
0.05 1.00000 0.99856 0.96941 0.63765 0.39520 0.31567 
0.10 0.99999 0.99791 0.96580 0.63453 0.39353 0.31436 
0.20 0.99996 0.99431 0.95071 0.62225 0.38693 0.30917 
0.30 0.99994 0.98459 0.92371 0.60259 0.37629 0.30079 
0.35 0.99994 0.97567 0.90525 o. 59033 0.36961 0.29552 
0.40 0.99993 0.96292 0.88335 0.57667 0.36211 0.28960 
0.45 0.99981 0.94549 0.85806 0.56180 0.35389 0.28311 
0.50 0.99923 0.92275 0.82958 0.54590 0.34504 0.27612 
0.55 0.99715 0.89434 0.79824 0.52917 0.33566 0.26870 
o.6o 0.99121 0.86034 0.76452 0.51181 0.32584 0.26093 
0.65 0.97739 0.82127 0.72897 0.49402 0.31569 0.25289 
0.70 0.95076 0.77801 0.69221 0.47598 0.30533 0.24467 
0.75 0.90738 0.73176 0.65489 0.45788 0.29485 o. 23635 
o.eo 0.84657 0.68380 0.61759 0.43989 0.28435 0.22802 
0.85 0.77158 0.63540 0.58086 0.42217 0.27394 0.21975 
0.90 0.68834 0.58766 0.54513 0.40487 0.26373 0.21163 
0.95 o. 60302 o. 54136 0.51071 0.38812 0.25380 o. 20373 
1.00 0.51997 0.49707 0.47781 0.37204 0.24424 0.19613 
i 
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TABLE D-6 (continued) 
{8) L = 3.5, at.. /c = 1.0 
s p 
r uft/a = 0.01 0.05 0.1 0.4 o.8 1.0 it 
0 1.00000 0.99840 0.96179 0.54618 0.27993 0.20500 
0.01 1.00000 0.99839 0.96173 0.54613 0.27991 0.20498 
0.02 1.00000 0.99836 0.96154 0.54598 0.27984 0.20493 
0.03 1.00000 0.99831 0.96123 0.54573 0.27973 0.20485 
0.04 1.00000 0.99824 0.96080 0.54538 0.27957 0.20474 
0.05 1.00000 0.99814 0.96025 0.54493 0.27938 0.20460 
0.10 1.00000 0.99729 0.95557 0.54121 0.27773 0.20342 
0.20 1.00000 0.99260 0.93604 0.52665 0.27126 0.19878 
0.30 0.99998 0.97991 0.90115 0.50343 0.26087 0.19132 
0.35 0.99997 0.96829 0.87733 0.48901 0.25438 0.18665 
0.40 0.99994 0.95168 0.84912 0.47301 0.24712 0.18143 
0.45 0.99977 0.92901 0.81660 0.45565 0.23920 0.17573 
0.50 0.99900 0.89946 0.78004 0.43717 0.23071 0.16961 
0.55 0.99627 0.86260 0.73989 0.41782 0.22176 0.16314 
o.6o 0.98849 0.81855 0.69678 0.39786 0.21244 0.15641 
0.65 0.97038 0.76801 0.65144 0.37750 0.20287 0.14948 
0.70 0.93547 0.71217 0.60469 0.35699 0.19315 0.14243 
0.75 0.87866 0.65257 0.55734 0.33652 0.18337 0.13534 
o.8o 0.79910 0.59091 0.51016 0.31629 0.17363 0.12827 
0.85 0.70113 0.52883 0.46381 0.29647 0.16402 0.12129 
0.90 0.59255 0.46770 0.41884 0.27721 0.15464 0.11446 
0.95 0.48142 0.40856 0.37561 0.25863 0.14554 0.10784 
1.00 0.37336 0.35199 0.33434 0.24083 0.13681 0.10148 
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TABLE D-6 (concluded) 
(9) L = 3.5, a>.. 5 /cp = 10.0 
r u{/a = 0.01 0 .. 05 0.1 0 .. 4 0.8 1.0 Ir 
0 1.00000 0.99769 0.94534 0.39131 0.12089 0.06930 
0.01 1.00000 0.99768 0.94525 0.39125 0.12088 0.06929 
0.02 1.00000 0.99764 0.94499 0.39107 0.12083 0.06926 
0.0) 1.00000 0.99756 0.94456 0.39077 0.12074 0.06922 
0.04 1.00000 0.99746 0.94394 0.39035 0.12062 0.06915 
0.05 1.00000 0.99732 0.94315 0.38981 0.12047 0.06907 
0.10 1.00000 0.99609 0.93651 0.38534 0.11920 0.06836 
0.20 1.00000 0.98932 0.90883 0.36791 0.11424 0.06559 
0.30 1.00000 0.97106 0.85955 0.34034 0.10636 0.06119 
0.35 1.00000 0.95438 0.82602 0.32337 0.10150 0.05847 
0.40 0.99994 0.93057 0.78642 0.30467 0.09613 0.05546 
0.45 0.99967 o.S9814 0.74090 0.28455 0.09034 0.05221 
0.50 0.99856 o.S5597 0.68989 0.26335 0.08420 0.04877 
0.55 0.99459 0.80350 0.63409 o. 24138 0.07783 0.04519 
o.6o 0.98322 0.74099 0.57443 0.21897 0.07129 0.04151 
0.65 0.95687 0.66948 0.51197 0.19639 0.06469 0.03779 
0.70 0.90620 0.59076 0.44787 0.17392 0.05S08 0.03406 
0.75 0.82389 o. 50706 0.38329 0.151SO 0.05154 0.03036 
o.eo 0.70884 0.42083 0.31927 0.13021 0.04514 0.02674 
o.85 0.56758 0.33436 0.25672 0.10933 0.03892 0.02321 
0.90 0.41154 0.24956 0.19631 0.08925 0.03291 0.01980 
0.95 0.25227 0.16779 0.13846 0.07005 0.02716 0.01653 
1.00 0.09771 0.08974 0.08337 0.05176 0.02166 0.01341 
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TABLE D-7 
MASS FRACTION DISTRIBUTIONS (C - C )/(C - C ) £ 0 £ 
( 1) L = 0.81, a\ /c -= 0.1 
s p 
r uk/a = 0.01 0.05 0.1 0.3 0.5 1.0 IT 
0 1.00000 0.99166 0.89055 0.38667 0.15975 0.01756 
0.01 1.00000 0.99162 0.89044 0.38660 0.15972 0.01755 
0.02 1.00000 0.99152 0.89010 0.38639 0.15964 0.01754 
0.03 1.00000 0.99134 0.88952 0.38604 0.15949 0.01753 
0.04 1.00000 0.99110 0.88872 0.38556 0.15929 0.01751 
0.05 1.00000 0.99078 0.88768 0.38494 0.15904 0.01748 
0.10 1.00000 0.98798 0.87904 0.37980 0.15691 0.01725 
0.20 1.00000 0.97445 0.84410 0.35975 0.14863 0.01634 
0.30 1.00000 0.94389 0.78514 0.32814 0.13557 0.01490 
0.35 0.99995 0.91912 0.74674 0.30873 0.12756 0.01402 
0.40 0.99971 0.88636 0.70271 0.28739 0.11875 0.01305 
0.45 0.99877 0.84465 0.65352 0.26449 0.10930 0.01201 
0.50 0.99564 0.79351 0.59980 0.24043 0.09937 0.01092 
0.55 0.98699 0.73304 0.54237 0.21559 0.08912 0.00980 
o.6o 0.96695 0.66401 0.48218 0.19034 0.07869 0.00865 
0.65 0.92755 0.5877S 0.42023 0.16501 0.06824 0.00750 
0.70 0.86109 0.50620 0.35755 0.13992 0.057S9 0.00636 
0.75 0.76336 0.42134 0.29509 0.11532 0.04773 0.00525 
o.eo 0.63632 o. 33531 0.23372 0.09143 0.03788 0.00416 
o.e5 0.4S764 0.25001 0.17413 o.o6S42 0.02838 0.00312 
0.90 0.3280S 0.16696 0.11682 0.04639 0.01928 0.00212 
0.95 0.16751 0.08718 0.06209 0.02540 0.01061 0.00117 
1.00 0.01238 0.01114 0.01002 0.00544 0.00237 0.00026 
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TABLE D-7 (continued) 
( 2) L == 0.81, a>..5 /cp == 1.0 
r ~kJa == 0.01 0.05 0.1 0.3 0.5 1.0 R' 
0 1.00000 0.99208 0.89612 0.41149 0.18294 0.02437 
0.01 1.00000 0.99204 0.89601 0.41142 0.18291 0.02437 
0.02 1.00000 0.99194 0.89569 0.41122 0.18283 0.02435 
0.03 1.00000 0.99178 0.89514 0.41088 0.18268 0.02433 
0.04 1.00000 0.99155 0.89438 0.41041 0.18247 0.02431 
0.05 1.00000 0.99124 0.89339 0.40980 0.18220 0.02427 
0.10 1.00000 0.98860 0.88517 0.40475 0.17997 0.02397 
0.20 1.00000 0.97578 0.85194 0.38505 0.17129 0.02282 
0.30 0.99997 0.94682 0.79582 0.35391 0.15755 0.02099 
0.35 0.99993 0.92333 0.75924 0.33476 0.14910 0.01987 
0.40 0.99971 0.89226 0.71727 0.31365 0.13978 0.01863 
0.45 0.99882 0.85269 0.67035 0.29097 0.12976 0.01729 
0.50 0.99587 0.80414 0.61907 o. 26707 0.11919 0.01589 
0.55 0.98770 0.74670 0.56421 0.24233 0.10824 0.01443 
0.60 0.96875 0.68109 0.50664 0.21710 0.09707 0.01294 
0.65 0.93150 0.60859 0.44734 0.19171 0.08582 0.01144 
0.70 0.86864 o. 53093 0.38726 0.16648 0.07462 0.00995 
0.75 0.77617 0.45009 0.32732 0.14165 0.06360 0.00848 
0.80 0.65592 0.36807 0.26835 0.11746 0.05285 0.00705 
0.85 0.51513 0.28667 0.21102 0.09408 0.04245 0.00567 
0.90 0.36389 0.20735 0.15582 0.07162 0.03246 0.00433 
0.95 0.21164 0.13110 0.10306 0.05017 0.02290 0.00306 
1.00 0.06449 0.05840 0.05283 0.02974 0.01381 0.00185 
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TABLE D-7 (continued) 
( 3) L == 0.81, at. /c = 10.0 
s p 
r u(/a = 0.01 0.05 0.1 0.3 o. 5 1.0 l'r 
0 1.00000 0.99246 0.90115 0.43444 0.20527 0.03195 
0.01 1.00000 0.99243 0.90105 0.43438 0.20523 0.03195 
0.02 1.00000 0.99234 0.90074 0.43418 o. 20514 0.03193 
0.03 1.00000 0.99218 0.90022 0.43385 0.20499 0.03191 
0.04 1.00000 0.99196 0.89949 0.43338 0.20477 0.03187 
0.05 1.00000 0.99167 0.89855 0.43278 0.20449 0.03183 
0.10 1.00000 0.98916 0.89072 0.42783 0.20219 0.03147 
0.20 1.00000 0.97698 0.85903 0.40849 0.19318 0.03007 
0.30 0.99995 0.94946 0.80549 0.37788 0.17890 0.02785 
0.35 0.99992 0.92714 0.77056 0.35901 0.17008 0.02648 
0.40 0.99970 0.89758 o. 73048 o.33a18 0.16035 0.02497 
0.45 0.99885 0.85993 0.68563 0.31575 0.14985 0.02334 
0.50 0.99606 0.81372 0.63658 0.29208 0.13876 0.02161 
0.55 0.98832 0.75903 0.58406 0.26751 0.12723 0.01982 
o.6o 0.97039 0.69651 0.52891 0.24239 0.11542 0.01798 
0.65 o. 93503 0.62739 0.47204 0.21705 0.10350 0.01613 
0.70 0.87541 0.55331 0.41436 0.19178 0.09159 0.01428 
0.75 0.?8766 0.47613 0.35676 0.16685 0.07983 0.01244 
0.80 0.67350 0.39776 0.30003 0.14248 0.06832 0.01065 
0.85 0.53976 0.31993 0.244$1 0.11886 0.05715 0.00891 
0.90 0.39608 0.24403 0.19159 0.09612 0.04638 0.00724 
0.95 0.25133 0.17012 0.14067 0.07435 0.03607 0.00563 
1.00 0.11139 0.10138 0.09217 0.05360 0.02623 0.00410 
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TABLE D-7 ( continued} 
{4} L = 2.0, a>. /c = 0.1 
s p 
r f£7 a == 0.01 0.05 0.1 0.3 0.5 1.0 rr 
0 1.00000 0.99998 0.99734 0.81952 0.57773 o. 22415 
0.01 1.00000 0.99998 0.99732 0.81939 0.57762 0.22410 
0.02 1.00000 0.99998 0.99727 0.81901 o. 57730 0.22397 
0.03 1.00000 0.99998 0.99719 0.81837 0.57677 o. 22376 
0.04 1.00000 0.99998 0.99707 0.81747 0.57602 0.22346 
0.05 1.00000 0.99997 0.99691 0.81632 0.57506 o. 22308 
0.10 1.00000 0.99996 0.99550 0.80673 0.56711 0.21990 
0.20 1.00000 0.99972 0.98775 0.76862 0.53607 0.20755 
0.30 1.00000 0.99795 0.96686 0.70629 0.48697 0.18810 
0.35 1.00000 0.99496 0.94780 0.66677 0.45674 0.17620 
0.40 1.00000 0.98853 0.92062 0.62231 0.42346 0.16314 
0.45 1.00000 0.97605 0.88365 0.57352 0.38769 0.14916 
0.50 0.99999 0.95393 0.83559 0.52115 0.35007 0.13450 
0.55 0.99984 0.91816 0.77589 0.46602 0.31119 0.11942 
o.6o 0.99889 0.86509 0.70486 0.40903 0.27166 0.10413 
0.65 0.99371 0.79254 0.62374 0.35107 o. 23203 0.08884 
0.70 0.97402 0.70059 0.53458 o. 29301 0.19279 0.07374 
0.75 0.92081 0.59189 0.43996 0.23564 0.15438 0.05899 
0.80 0.81356 0.47104 0.34267 0.17962 0.11715 0.04471 
0.85 0.64557 0.34363 0.24530 0.12550 0.08136 0.03100 
0.90 0.43154 0.21503 0.15000 0.07363 0.04716 0.01791 
0.95 0.19806 0.08940 0.05826 0.02420 0.01463 0.00547 
1.00 -0.03288 -0.03090 -0.02920 -0.02277 -0.01627 -0.00635 
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TABLE D-7 (continued) 
( 5) L = 2.0, 8A 5 / c P == 1. 0 
r uh/a = 0.01 0.05 0.1 0.3 0.5 1.0 R' 
0 1.00000 0.99998 0.99690 0.79134 0.52006 0.16162 
0.01 1.00000 0.99998 0.99688 0.79119 0.51994 0.16158 
0.02 1.00000 0.99998 0.99682 0.79075 0.51959 0.16146 
0.03 1.00000 0.99998 0.99672 0.79002 0.51901 0.16127 
0.04 1.00000 0.99998 0.99658 0.78899 0.51819 0.16100 
0.05 1.00000 0.99998 0.99640 0.78768 0.51714 0.16066 
0.10 1.00000 0.99996 0.99474 0.77671 o. 50845 0.15782 
0.20 1.00000 0.99969 0.98567 o. 73321 0.47462 0.14680 
0.30 1.00000 0.99761 0.96125 0.66230 0.42142 0.12962 
0.35 1.00000 0.99409 0.93899 0.61749 0.38888 0.11920 
0.40 1.00000 0.98656 0.90729 o. 56723 0.35323 0.10786 
0.45 1.00000 0.97190 0.86422 0.51226 0.31518 0.09583 
0.50 1.00000 0.94597 0.80832 0.45350 0.27544 0.08336 
0.55 0.99983 0.90407 0.73899 0.39193 0.23471 0.07065 
o.6o 0.99872 0.84198 0.65665 0.32861 0.19368 0.05794 
0.65 0.99260 0.75721 0.56281 0.26459 0.15294 0.04539 
0.70 0.96937 0.64997 0.45991 0.20087 0.11305 0.03317 
0.75 0.90667 0.52340 0.35100 0.13834 0.07444 0.02140 
o.so 0.78043 0.38297 o. 23933 0.07773 0.03744 0.01017 
0.85 0.58295 0.23524 0.12790 0.01960 0.00227 -0.00046 
0.90 0.33172 0.08647 0.01916 -0.03571 -0.03097 -0.01049 
0.95 0.05808 -0.05858 -0.08526 -0.08813 -0.06233 -0.01993 
1.00 -0.21225 -0.19730 -0.18468 -0.13778 -0.09198 -0.02885 
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TABLE D-7 (continued) 
(6) L == 2.0, a>-. /c = 10.0 
s p 
r u£/a == 0.01 0.05 tr 0.1 0.3 0.5 1.0 
0 1.00000 0.99998 0.99624 0.75275 0.44471 0.09425 
0.01 1.00000 0.99998 0.99622 0.75258 0.44458 0.09422 
0.02 1.00000 0.99998 0.99615 0.75207 0.44420 0.09412 
O.OJ 1.00000 0.99998 0.99603 0.75121 0.44356 0.09397 
0.04 1.00000 0.99998 0.99586 0.75001 0.44267 0.09376 
0.05 1.00000 0.99998 0.99564 0.74848 0.44152 0.09349 
0.10 1.00000 0.99995 0.99364 0.73569 0.43202 0.09124 
0.20 1.00000 0.99962 0.98270 0.68509 0.39519 0.08260 
0.30 1.00000 0.99710 o. 95331 0.60296 0.33779 0.06934 
0.35 1.00000 0.99283 0.92657 0.55132 0.30302 0.06144 
0.40 1.00000 0.98370 0.88855 0.49363 0.26524 0.05296 
0.45 1.00000 0.96598 o. 83697 0.43087 0.22530 0.04411 
0.50 1.00000 0.93465 0.77018 0.36415 0.18406 0.03511 
0.55 0.99977 0.88409 0.68753 0.29473 0.14233 0.02614 
o.6o 0.99843 0.80930 0.58962 0.22386 0.10090 0.01738 
0.65 0.99097 o. 70739 0.47838 0.15284 0.06044 0.00895 
0.70 0.96267 0.57876 0.35681 0.08282 0.02152 0.00098 
0.75 0.88638 0.42732 0.22862 0.01483 -0.01542 -0.00647 
0.80 0.73300 0.25979 0.09771 -0.05031 -0.05012 -0.01337 
0.85 0.49348 0.08411 -0.03235 -0.11209 -0.08243 -0.01971 
0.90 0.18941 -0.09225 -0.15876 -0.17024 -0.11241 -0.02552 
0.95 -0.14104 -0.26372 -0.27972 -0.22483 -0.14026 -0.03087 
1.00 -0.46696 -0.42739 -0.39461 -0.27624 -0.16633 -0.03586 
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TABLE D-7 (continued) 
(7) L == 3.5, at.. /c = 0.1 
s p 
r ~ ...,0.01 0.05 0.1 0.4 0.8 1.0 R a 
0 1.00000 0.99993 0.99992 0.90559 0.61984 0.49964 
0.01 1.00000 0.99993 0.99992 0.90548 0.61973 0.49954 
0 .. 02 1.00000 0.99993 0.99992 o. 90513 0.61938 0.49925 
0.03 1.00000 0.99993 0.99992 0.90456 0.61881 0.49878 
0.04 1.00000 0.99993 0.99991 0.90375 0.61800 0.49811 
0.05 1.00000 0.99993 0.99991 0.90271 0.61697 0.49726 
0.10 1.00000 0.99993 0.99986 0.89402 0.60841 0.49017 
0.20 1.00000 0.99993 0.99929 0.85857 0.57496 0.46254 
0.30 1.00000 0.99992 0.99590 0.79781 0.52193 0.41898 
0.35 1.00000 0.99977 0.99097 0.75774 0.48923 0.39226 
0.40 1.00000 0.99917 0.98142 o. 71139 0-45317 0.36289 
0.45 1.00000 0.99716 0.96442 0.65920 0.41439 0.33143 
0.50 1.00000 0.99152 0.93656 0.60182 0.37355 0.29841 
0.55 1.00000 0.97796 0.89436 o. 54012 o. 33132 0.26438 
0.60 0.99998 0.95007 0.83512 0.47515 0.28835 0.22986 
0.65 0.99962 0.90036 0.75769 0.40804 0.24526 0.19533 
0.70 0.99624 0.82262 0.66300 0.33999 0.20260 0.16122 
0.75 0.97655 0.71484 0.55403 0.27211 0.16085 0.12789 
0.80 0.90919 0.58050 o. 435 24 0.20540 0.12039 0.09564 
0.85 0.75876 0.4276$ 0.31164 0.14066 0.08151 0.0646$ 
0.90 0.52251 0.26635 0.18787 0.07847 0.04439 0.03513 
0.95 0.23788 0.1053$ 0.06742 0.01917 0.00909 0.00705 
1.00 -0.05199 -0.04970 -0.04778 -0.03720 -0.02442 -0.01961 
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TABLE D-7 (continued) 
{8) L = 3.5, a).. /c 
s p = 1.0 
r u£/a == 0.01 0.05 0.1 0.4 o.8 1.0 R' 
0 1.00000 0.99998 0.99995 0 .. 87935 0.53228 0.39779 
0.01 1.00000 0.99998 0.99995 0.87920 0.53214 0.39769 
0.02 1.00000 0.99998 0.99995 0.87877 0.53175 0.39738 
0.03 1.00000 0.99998 0.99995 0.87804 0.53108 0.39687 
0.04 1.00000 0.99998 0.99994 0.87702 0.53016 0.39615 
0.05 1.00000 0.99998 0.99994 0.87571 0.52897 0.39522 
0.10 1.00000 0.99998 0.99987 0.86473 0.51911 0.38758 
0.20 1.00000 0.99998 0.99911 0.82009 0.48076 0.35796 
0.30 1.00000 0.99993 0.99470 0.74398 0.42063 0.31184 
0.35 1.00000 0.99973 0.98827 0.69404 0.38397 0.28391 
0.40 1.00000 0.99894 0.97585 0.63656 0.34394 0.25357 
0.45 1.00000 0.99631 0.95379 0.57219 0.30137 0.22147 
0.50 1.00000 0.98892 0.91768 0.50187 0.25712 0.18827 
0.55 0.99999 0.97124 0.86311 0.42681 0.21202 0.15461 
0.60 0.99997 0.93490 0.78665 0.34843 0.16687 0.12106 
0.65 0.99952 0.87019 0.68700 0.26825 0.12237 0.08815 
0.70 0.99499 0.76923 0.56549 0.18779 0.07915 0.05631 
0.75 0.96924 0.62959 0.42615 0.10847 0.03768 0.02586 
o.8o 0.88086 0.45600 0.27484 0.03148 -0.00169 -0.00296 
0.85 0.68385 0.25915 0.11807 -0.04228 -0.03878 -0.03005 
0.90 0.37505 0.05205 -0.03824 -0.11229 -0.07355 -0.05541 
0.95 0.00390 -0.15394 -0.18977 -0.17839 -0.10614 -0.07915 
1.00 -0.37336 -0.35199 -0.33434 -0.24083 -0.13681 -0.10148 
114 
TABLE D-7 (concluded) 
(9) L = 3.5, aA. /c = 10.0 
s p 
r ~ == 0 01 0.05 0.1 0.4 0.8 1.0 R • 
0 1.00000 1.00000 0.99995 0.83292 0.39521 0.25080 
0.01 1.00000 1.00000 0.99995 0.83272 0.39506 0.25070 
0.02 1.00000 1.00000 0.99995 o. 83213 0.39460 o. 25039 
0.03 1.00000 1.00000 0.99995 0.8)114 0.39385 0.24988 
0.04 1.00000 1.00000 0.99994 0.82976 0.39279 0.24916 
0.05 1.00000 1.00000 0.99993 0.82799 0.39143 0.24824 
0.10 1.00000 1.00000 0.99983 o. 81313 0.38022 0.24064 
0.20 1.00000 1.00000 0.99874 0.75300 0.33704 0.21152 
0.30 1.00000 0.99992 0.99240 0.65145 0.27076 0.16738 
0.35 0.99999 0.99962 0.98319 0.58550 0.23129 0.14139 
0.40 0.99998 0.99847 0.96545 0.51025 0.18906 0.11385 
0.45 0.99998 0.99466 0.93403 0.42685 0.14522 0.08555 
0.50 0.99998 0.98400 0.88276 0.3)685 0.10090 0.05726 
0.55 0.99998 0.95854 0.80555 0.24213 0.05717 0.02967 
o.6o 0.99995 0.90638 0.69785 0.14485 0.01499 0.00338 
0.65 0.99928 0.81377 0.55815 0.04721 -0.02485 -0.02115 
0.70 0.99267 0.66985 0.38879 -0.04865 -0.06177 -0.04358 
0.75 0.95516 0.47165 0.19584 -0.14089 -0.09538 -0.06374 
0.80 0.82691 0.22656 -0.01213 -0.22807 -0.12555 -0.08160 
0.85 0.54138 -0.04972 -0.22589 -0.30927 -0.15234 -0.09726 
0.90 0.09584 -0.33854 -0.43727 -0.38423 -0.17608 -0.11097 
0.95 -0.43733 -0.62409 -0.64067 -0.45334 -0.19729 -0.12310 
1.00 -0.97713 -0.89747 -0.83375 -0.51766 -0.21668 -0.13414 
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